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ABSTRACT
HEINRICH, STUART BENJAMIN. Maximum Likelihood Methods for Hierarchical Structure
from Motion of Uncalibrated Video. (Under the direction of Wesley Snyder.)
This dissertation addresses the general problem of reconstructing static 3D scene structure
and camera parameters from an uncalibrated video or image series using structure from motion.
Using these techniques, reconstructions can be made from video or still images taken with any
hand held camera. We make no prior assumptions about the camera except that it takes
images that are not stretched or skewed, which is true for all modern cameras, and require
no additional information beyond the images. The advancements proposed in this dissertation
include a novel overall system architecture that is designed to maximize robustness to noise and
outliers, analysis of the theoretical instabilities of traditional methods of autocalibration along
with a maximum likelihood approach that overcomes these limitations, a maximum likelihood
method of merging projective reconstructions that is invariant to the uncertainty in structure
points, a parallel decomposition for bundle adjustment, a derivation of new internal constraints
of the trifocal tensor, and several other contributions. Many of these advancements are useful
not only to uncalibrated video reconstruction but also reconstructions from arbitrary photo
collections as well as visual odometry systems for robot navigation.
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Chapter 1

Introduction
This dissertation addresses the general problem of reconstructing static 3D scene structure and
camera parameters from an uncalibrated video or image series using structure from motion
(SfM). By uncalibrated we mean that no additional information is available beyond the images
themselves, and no prior assumptions about the cameras are made other than what is known
about all modern cameras (e.g., that the images are not stretched or skewed). The reconstructed
camera parameters include relative pose of the camera as well as the intrinsic parameters, most
notably focal length, which is unknown and possibly be varying.
We note that with less general assumptions, the SfM problem becomes considerably simpler.
For example, estimation of the relative camera movement from a sequence of images (called
visual odometry) is commonly performed for robotic navigation systems using a pair of calibrated stereo cameras [Levin and Szeliski, 2004; Takaoka et al., 2004; Olson et al., 2001; Zhang
and Faugeras, 1992; Weng et al., 1992a; Olson et al., 2000; Matthies and Shafer, 1987]. Because
the relative pose between the stereo cameras is known, dense correspondences can be directly
triangulated to obtain the depth of any pixel, or back-projected to yield a 3D point cloud.
It is relatively straight-forward to register successive point clouds using the Iterative Closest
Point (ICP) algorithm [Besl and McKay, 1992; Chen and Medioni, 1991], thereby revealing the
relative movement (or egomotion) of the stereo camera pair.
From a monocular video input, the visual odometry problem is more difficult because structure points cannot be triangulated without knowing the relative pose between successive camera
views. Assuming a calibrated camera with unvarying intrinsic parameters, an elegant solution
was recently proposed in Nistér [2004], used for example in Pollefeys et al. [2008]. However,
the problem is still much more difficult than the stereo case because the estimation of relative
pose is not guaranteed to be well-conditioned (depending on how the camera has moved).
Although the above techniques are effective for robotic navigation problems, they cannot be
used to make reconstructions from videos that are recorded using hand-held cameras or from
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collections of snap-shots that lack camera calibration. This more general uncalibrated problem
is considerably more difficult because the reconstruction must be done initially in projective
space where familiar concepts such as angles and distance are meaningless. In projective space,
an infinite value may correspond to a finite value in the underlying metric space, or a finite value
may correspond to an infinite value; thus, even the convex hulls of shapes are not preserved.
Theoretically this projective ambiguity can be removed via autocalibration, but there are
certain mathematical degeneracies that must be accounted for, and the process is inherently
sensitive to noise; thus, one can never be sure if the ambiguity has been removed completely,
and as a consequence it is often unsafe to measure distance in the reconstructed space.
Despite these difficulties, enough of the necessary mathematical ground-work has been
worked out for several proof-of-concept systems to be built [Beardsley et al., 1997; Fitzgibbon and Zisserman, 1998; Nister, 2001a; Pollefeys et al., 2004; Repko and Pollefeys, 2005].
Still, none of these systems are completely satisfactory in their ability to produce robust results
under all practical circumstances. In particular, previously proposed methods have been very
sensitive to initialization because the result of one ill-conditioned estimate will be used as input
to another estimation problem, and errors become amplified.
The fundamental goal of this research is to design a system that is more stable and less
sensitive to initialization by minimizing the degree to which intermediate estimates are trusted;
rather, we try to pose each estimation problem in terms of the original correspondence measurements so as to prevent estimation errors from being compounded.
Due to the large number of disparate topics and related work within each topic that must
be integrated into this overall system, we postpone our in-depth review of related work to the
context of each chapter. These chapters are organized roughly in the order that they are applied
in the context of the overall system, which is described in greater detail in Chapter 2.
One of the major contributions of this work is the overall architecture of the system (Chapter
2). In addition, there are several other major contributions including a new maximum likelihood
method for robustly merging projective triplets that is invariant to the ill-estimated structure
points and avoids measuring distance in projective space (Chapter 5), and a maximum likelihood
method of autocalibration that avoids the instabilities of previous heuristic approaches (Chapter
6).
Other less significant contributions include a new method of keyframe detection (Section
3.1), a survey and analysis of the most robust and precise methods for reconstructing the trifocal
tensor (Chapter 4), including the discovery of the final three internal constraints of a trifocal
tensor, and a parallel implementation of bundle adjustment (Chapter 7), which is the de facto
standard way to improve a reconstruction in any SfM problem, whether in projective or metric
space.

2

Chapter 2

System Architecture
In this chapter we discuss the overall architecture of the proposed reconstruction system. We
begin by explaining the fundamental components that may be used as building blocks to form a
larger reconstruction system and then discuss how these components have been used to design
systems in the past. We analyze the theoretical advantages and disadvantages of these different
architectures as well as other potential architectures in order to justify our chosen architecture.
We begin with the big picture: the end goal is to reconstruct a detailed surface mesh of
the scene geometry, but this is much easier to do once the relative pose of cameras has been
established because then any corresponding image points can be triangulated into 3D structure
points, and surface reconstruction algorithms can then be used to convert this point cloud into
a surface mesh. Thus, the first problem is to accurately estimate the relative pose of each view
in the video or image series.
This will be accomplished by using structure from motion (SfM), which uses the fact that
the motion of objects in the image plane from a camera translation (called motion parallax) is
dependent on depth, to reconstruct all the properties of the camera corresponding to each view
simultaneously with the 3D structure points associated with each tracked image point.
From a theoretical standpoint, it is relatively straight-forward to nonlinearly improve a
reconstruction of camera parameters and structure points in order to agree with the measured image correspondences (see bundle adjustment in Chapter 7 for the maximum likelihood
method). However, there are an astonishingly large number of local minima in any real problem, and thus in order for this nonlinear improvement to converge to the true solution with
a reasonable degree of certainty, it will always be necessary to have some direct method of
obtaining a good initial solution.
Most typically, direct initial solutions are obtained using either minimal solutions found
by clever algebraic rearrangement [Quan, 1995; Carlsson and Weinshall, 1998; Hartley and
Debunne, 1998; Hartley and Dano, 2000] or over-determined linear least squares [Hartley, 1995;
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Shashua and Werman, 1995]. Almost all linear and minimal solutions that are applicable to SfM
have been formulated in terms of projection matrices, which are a compact representation of
camera view parameters. These projection matrices can later be factored into more meaningful
components representing the camera rotation, translation and intrinsic calibration parameters.
However, real life cameras have certain constraints on their calibration parameters, meaning
that projection matrices have more degrees of freedom than real camera views. Unfortunately,
these constraints cannot generally be enforced onto the estimation of projection matrices using
either the minimal or linear methods, and any reconstruction that does not explicitly enforce
these constraints will be subject to what is called the projective ambiguity. This projective
ambiguity can be resolved in a second phase, called autocalibration, by attempting to find the
projective warping (a.k.a. rectifying homography) that causes the internal projection matrix
constraints to be satisfied for each view. However, autocalibration is not a well-posed problem
because, in general, there will not exist a projective warping that causes all such constraints to
be exactly satisfied. This is an issue that we address later with a maximum likelihood solution
in Chapter 6.
Needless to say, before any SfM algorithm can be applied it is necessary to identify corresponding image points. That is, points in different images that are the projections of the same
physical point in 3D. These correspondences can be identified based on local image similarity,
although some mismatches will occur; thus, SfM algorithms must be made robust to outliers.
Because the observed motion parallax is a function of both object distance and camera pose,
it is necessary to simultaneously estimate the sparse scene structure (i.e., the 3D points associated with each observed image correspondence) along with the projection matrices. The first
structure from motion technique applicable to n-view systems was the factorization approach
of Tomasi and Kanade [1991], so named because it was shown that an estimate of all structure
points and projection matrices could be solved using a single Singular Value Decomposition
(SVD) (a type of matrix factorization).
Unfortunately, factorization is not usually a practical solution for several reasons. First, it
uses an orthographic approximation to perspective projection, which is extremely inaccurate,
especially for points further than a few feet away from the camera. This was partially addressed
with nonlinear improvements to correct for perspective distortion [Poleman and Kanade, 1991;
Christy and Horaud, 1996; Sturm and Triggs, 1996], but fundamentally there is still no guarantee
that the initialization will be good.
The second problem with factorization is that, due to the nature of attempting to solve the
entire problem at once, the inevitable presence of outliers will skew the result without indicating
which points were outliers. This problem was partially addressed in Jia and Martinez [2009]
with a method for detecting dominant outliers, but will always remain a fundamental problem.
By far the greatest problem with factorization is that it cannot handle ‘missing data’; that
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is, it can only be used to estimate the 3D location of points that have been observed in all
n-views. Thus, although the method is not specifically limited to any number of views, it is
practically limited by the fact that no feature point can be expected to be observable in all
views of a long image sequence.
Because SfM is an inherently sensitive problem, the only way to obtain true robustness to
the inevitable outliers is to detect and ignore them. This is typically done by wrapping smaller
estimation problems within a Random Sample Consensus (RANSAC) [Fischler and Bolles,
1981] framework, whereby the estimation problem is repeated on random minimal subsets of
the data in an attempt to simultaneously estimate the desired parameters and the largest sample
consensus of inliers.
It would be ineffective and computationally infeasible to apply RANSAC to extremely large
estimation problems, such as a global SfM factorization, because a single outlier in a long track
of otherwise good correspondences would make the entire track an outlier. However, if the
overall problem is broken down into smaller fixed size problems where only one to four views
are estimated at a time, then these can be handled with relative efficiency within the RANSAC
framework. Not only does this approach overcome the problem of outliers but it also overcomes
the problem of ‘missing data’ because a correspondence must only be tracked over the small
number of views in a partial reconstruction. The partial reconstructions can then be merged
together to obtain larger reconstructions spanning any arbitrary number of views.
The challenge in designing a good SfM system is in merging these partial reconstructions
together in a way that is stable, robust to noise, robust to outliers, efficient, and robust to
degenerate or quasi-degenerate configurations. This is further complicated by the fact that these
partial reconstructions must be estimated from nearby views, but the correspondences between
nearby views often do not encode for sufficient motion parallax to make the reconstruction
problem well-posed.

2.1

Theoretical Comparison of Architectures

The simplest approach, which we call incremental resectioning, was proposed in Beardsley et al.
[1997] and has been commonly used since [Pollefeys et al., 2002a, 2004; Engels et al., 2006]. The
basic idea is to start by estimating a view pair (using the fundamental matrix [Hartley, 1992;
Faugeras, 1992]) and then iteratively extend some correspondences into the next view which are
used to estimate the next projection matrix (a process called resectioning). In order to remain
robust to outliers, this resectioning should be done using RANSAC. With the addition of each
projection matrix, the overall projective reconstruction can be nonlinearly improved to stabilize
any potential errors (e.g., using projective bundle adjustment, see Chapter 7). After completing the projective reconstruction, autocalibration is used to resolve the projective ambiguity
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yielding a metric reconstruction, which is finally improved using metric bundle adjustment. A
flow diagram for this approach is given in Fig. 2.1.
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Figure 2.1. Incremental resectioning. (1) find initial pairwise correspondences between keyframes K1 , K2 ; (2)
estimate fundamental matrix that defines initial projective reconstruction; (3) extend existing feature tracks into
K3 ; (4) start new feature tracks in K3 ; (5) resection view corresponding to K3 to get the projection matrix P3 .
Repeat until all views have been incorporated into a global projective reconstruction. Finally, (6) autocalibrate.

Incremental resectioning is attractive for its simplicity, but it is inherently sensitive to
initialization because when resectioning new views using RANSAC, any points that violate the
existing reconstruction would be treated as outliers. If the initial reconstruction is poor, this
would cause any points that contain sufficient information to correct the current reconstruction
to be treated as an outlier (false negative). As one moves further from the initial view pair this
effect would increase and could eventually result in failure to find sufficient correspondences for
resectioning.
An alternative to incremental resectioning is to compute many small partial reconstructions
and then attempt to merge these together into a larger reconstruction. The advantage of a
merging approach is that because each partial reconstruction is computed independently there
is no propagation of errors or outliers from one to the next, and hence the problem of false
negatives remains insignificant.
One of the disadvantages of merging is that each of the partial reconstructions, which are
computed independently, could be erroneous if there is not enough camera motion to make the
estimation problem well-conditioned. Thus, it is necessary to identify keyframes when sufficient
motion parallax has accumulated so that the reconstruction will not be be ill-posed. This is not
particularly difficult to do (see Section 3.1) but it does bring about increased computational
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expense.
There are many possible variations of merging approaches that could be used, depending
on the size of the partial reconstructions (i.e., should one attempt to merge pairs, triplets,
or quadruples?), the number of overlapping views to use for each independent reconstruction,
the method of merging that is used, whether or not merging is performed incrementally or
hierarchically, and how long autocalibration is delayed.
For example, Fitzgibbon and Zisserman [1998] proposed to merge projective triplets with
two views of overlap hierarchically (Fig. 2.2), while Nister [2001a] proposed a similar hierarchical merging of triplets but with 1-view overlap, and Repko and Pollefeys [2005] proposed
to merge metric triplets with 2-views of overlap by solving an absolute orientation problem of
corresponding structure points (Fig. 2.3).
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Figure 2.2. Hierarchical merging of projective triplets using 2-view overlap. (1) find initial triplet correspondences
between keyframes K1 . . . K3 ; (2) estimate trifocal tensor; (3) extend existing feature tracks into K4 ; (4) identify
new features in K4 ; (5) projective merging with 2-view overlap. After completing the hierarchical projective
reconstruction, (6) autocalibrate.
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Figure 2.3. Incremental merging of metric triplets using 2-view overlap. (1) find initial triplet correspondences
between keyframes K1 . . . K3 ; (2) estimate trifocal tensor that defines projective reconstruction; (3) autocalibrate;
(4) extend existing feature tracks into K4 ; (5) identify new features in K4 ; (6) metric merging with 2-view overlap.

In general, when using m-view partial reconstructions, merging could be performed using
anywhere from 0 to m − 1 views of overlap (see Table 2.1); merging could be performed in
projective space with autocalibration deferred to the end, or autocalibration could be performed
on each partial reconstruction so that merging can be done in metric space; the reconstruction
could be done incrementally, or it could be done hierarchically.
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Table 2.1. Theoretical comparison between various potential merging approaches using all combinations of subset
views and overlap views. Subset views is the number of views in each partial reconstruction. Overlap views is
the number of overlapping views between successive partial reconstructions. Min track length is the minimum
number of consecutive views that a feature track must persist through in order to provide merging information.
Merge DOF is the number of degrees of freedom in the merging homography that remain after accounting for
overlapping view constraints. A negative DOF indicates that the merging homography is over-determined from
view constraints alone, and hence the partial reconstructions will be ‘mangled’ during the merging operation.

Subset Views

Overlap Views

Min Track Length

Merge DOF

n/a

3

11

2

0

4

15

2

1

3

4

3

0

4

15

3

1

3

4

3

2

3

-7

4

0

4

15

4

1

4

4

4

2

4

-7

4

3

4

-18

Resection
1
Fundamental Matrix

Trifocal Tensor

Quadfocal Tensor

The size of the partial reconstructions effects the length of correspondence tracks that
are needed for estimation purposes, as well as overall performance and robustness. Smaller
partial reconstructions are easier to estimate because there are fewer internal constraints and,
in general, more correspondence data available. However, with fewer views the estimation may
be more ambiguous and less well-conditioned. For example, the relationship between two views
is represented by the 3 × 3 fundamental matrix which has just 1 internal constraint, but its
estimation is ill-conditioned if the scene structure is planar. If one instead uses triplets, the
relationship is represented by the 3 × 3 × 3 trifocal tensor, which has 8 internal constraints, and
can be estimated even when the scene geometry is planar.
Merging is possible using constraints derived from view and/or structure point constraints,
although the specifics are largely dependent on the number of overlapping views. If the reconstructions are metric then the alignment is defined by a similarity transformation having 7
dof, and can be determined up to a scale factor by a single overlapping view. However, view
constraints are not strictly necessary because the similarity transform can also be solved in
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closed form corresponding metric structure points [Horn et al., 1988; Umeyama, 1991; Matei
and Meer, 1999]; a method that is often used in practice [Repko and Pollefeys, 2005; Farenzena
et al., 2009; Frahm et al., 2010].
The problem with merging in metric space is that it becomes necessary to autocalibrate
each individual partial reconstruction, but autocalibration is a very sensitive procedure that is
unlikely to successfully remove all of the projective distortion when applied to a small reconstruction. Thus, the alignment between two autocalibrated partial reconstructions is unlikely
to be well-modeled by a similarity transform.
More generally, when merging two projective reconstructions (or quasi-metric reconstructions), the alignment is represented by a homography having 15 dof. Each overlapping view
provides 11 constraints, so a single overlap leaves 4 dof remaining while 2 views of overlap
makes the problem over-determined. Over-determined problems are usually good, but not in
this case because it means the two views can’t be aligned perfectly, and must be discarded
during the merge anyway because there cannot be more than one projection matrix per view.
Thus, if there are two or more views of overlap, the merging operation will necessarily increase
reprojection errors, and this increase in error is completely unbounded because it depends only
on the location of structure points. These problematic over-determined cases are indicated as
negative dof in Table 2.1.
In order to avoid this potentially drastic increase in error, one must use only zero or one
view of overlap, meaning that correspondences between structure points are necessary to resolve
the remaining ambiguity. In order for a structure point to exist in a partial reconstruction it
must have been visible in at least two views to be triangulated. Thus, if there are zero views
of overlap, then only correspondence tracks of length four or greater can be used in merging.
If there is one view of overlap, then tracks need not be longer than three views. This is a
significant difference because longer correspondence tracks are exponentially more difficult to
acquire.
We can further conclude that three is the theoretical minimum length of correspondence
tracks usable by any approach, because the only way to obtain structure point correspondences
from tracks of length two would be to have two views of overlap, but this would require the
partial reconstructions to be at least length three. Even the incremental resectioning approach
has a minimum track length of three because it requires correspondences between structure
points in the previous reconstruction and image points in the new view, and in order for a
structure point to exist in the previous reconstruction it must have been visible in at least two
views.
Thus, we make the following conclusions: (1) merging is best done in projective space using
one view of overlap, with autocalibration reserved to the final stage, and (2) it is preferable to
use triplets as the fundamental unit of reconstruction rather than pairs, because the minimum
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track length is already three, and triplets provide stronger geometric constraints than pairs and
are not degenerate to planar surfaces.

2.2

Proposed Architecture

Our approach differs from conventional tracking-based approaches in the way that we manage
correspondences (Chapter 3). Rather than building long feature tracks in an independent
module, we search for triplet correspondences on-demand using a guided matching approach
(Chapter 3.4.1) whenever a triplet needs to be reconstructed. This allows us to consistently
find a sufficient number of correspondences for reliable reconstruction, assuming the images are
sufficiently detailed.
In order to ensure that the estimation of each independent triplet is not ill-conditioned, we
detect keyframes (Section 3.1) and reconstruct only from those key views using SfM. Once the
overall reconstruction of keyframes is complete, the intermediate views can be resectioned.
As motivated by the theoretical concerns discussed in Section 2.1, the proposed SfM architecture uses a hierarchical merging of projective view triplets (Chapter 4), and merging is done
using single-view overlap in projective space (Chapter 5). After each initial reconstruction, and
after each merge, the reconstruction will be stabilized by using a nonlinear improvement. We
always use bundle adjustment (Chapter 7) because it is the maximum likelihood method. Once
the projective reconstruction is completed, autocalibration is used to upgrade the projective
result to metric (Chapter 6), and improved with metric bundle adjustment. Finally, a surface
mesh of the scene geometry can be computed (Chapter 8). A flow chart for the SfM process
(which includes all but the final surface reconstruction) is shown in Fig. 2.4, and is explained
below.
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Figure 2.4. Proposed merging architecture using hierarchical merging of projective triplets and correspondences
using 1-view overlap. (1) find triplet correspondences between keyframes K1 . . . K3 ; (2) estimate trifocal tensor
that defines projective reconstruction; (3) projective bundle adjustment; (4) projective merging with 1-view overlap; (5) merge correspondences; (6) projective bundle adjustment. After completing the hierarchical projective
reconstruction, (7) autocalibrate; (8) metric bundle adjustment.

When two partial reconstructions need to be merged, we first find triplet correspondences
and reconstruct a robust triplet spanning the gap between them; this ensures that we obtain a
large number of correspondences for merging that are almost all guaranteed to be inliers.
Longer feature tracks are obtained via merging of the initial triplet correspondences, which
is done every time we merge two reconstructions (Section 5.6). The advantage of merging
correspondences as opposed to incrementally building long feature tracks is that the problem
of feature drift is avoided and the presence of potential outlier matches does not cause existing
good structure points to be dropped from the reconstruction.
The choice of incremental vs. hierarchical merging is mostly computational. If bundle
adjustment is performed after each merge in order to ensure stability, then the size of the full
bundle adjustment problem grows with each merge; the computational complexity of adding a
single view to a reconstruction of n points and m views is therefore O((3n + 12(m − 1))3 ) (see
Section 7.3), and this quickly becomes impractical for large numbers of views.
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In order to put an upper bound on the computational complexity of adding a single view,
only a partial windowed bundle adjustment can be used on the most recent views, as in Engels
et al. [2006]. In contrast, if merging is performed hierarchically, then the same number of
bundle adjustments will be needed but on average they will be much smaller, and thus the need
to resort to windowed bundle adjustment is not as great. Moreover, hierarchical merges can
be done in parallel (as is implemented in our system), whereas this cannot be done using an
incremental approach.
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Chapter 3

Finding Correspondences and
Detecting Keyframes
In order to make a reliable reconstruction over a set of views one must have correspondences
between those views. It is important to have a large number of correspondences so that the
reconstructed camera parameters and structure will be strongly over-determined, making their
estimation from imprecise measurements more accurate, and allowing RANSAC [Fischler and
Bolles, 1981] (Section 4.3) to be used to effectively remove outliers.
Because our hierarchical merging approach relies upon reconstructing many independent
triplet reconstructions, the correspondences between views used for initial triplets must demonstrate sufficient motion parallax or the estimated camera poses will be ill-conditioned. Therefore, the detection of views with sufficient motion parallax, which we call keyframes, is closely
related to the problem of finding correspondences.
In our work we have adopted a novel method for keyframe detection (Section 3.1), as well
as two different front-end methods for acquiring correspondences: one based on KLT tracking
for high frame rate video (Section 3.3), and another using guided matching that is more robust
for image series with wider baseline (Section 3.4). In the former, the detection of keyframes
is integrated into the tracking algorithm. We detect feature points for the purpose of both
tracking and wide baseline matching in the same way (Section 3.2).
These methods are largely inspired by previous work but contain some of our own improvements as well. However, it should be stressed that the focus of this dissertation is not on
correspondence finding, but rather on the reconstruction methods that follow. Furthermore,
despite the large amount of prior research, we still do not consider feature tracking to be a
well-solved problem. In particular, the convergence of KLT is often less than ideal, especially
for small patches, and this may force one to use patches that are larger than desired (which
reduces precision and performance).
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3.1

Identifying Keyframes

The amount of camera translation that is necessary for stable reconstruction is not an absolute
quantity but is relative to the geometry of the scene and the precision of correspondences.
Because the relative error for more distant correspondences are greater, more distant geometry
requires a wider absolute baseline for reliable reconstruction. Thus, it is not sufficient to use
evenly spaced keyframes in an arbitrary video even when frame rate or camera movement
is known to be constant. Instead, keyframes must be detected from the correspondences by
attempting to quantify the amount of usable motion parallax.
In general, any set of corresponding image points x ↔ x0 ∈ P2 in two views must satisfy
the epipolar constraint, which depends upon the 3 × 3 fundamental matrix F,

T

x0 Fx = 0.

(3.1)

The epipolar constraint arises from the fact that any point x in the first view defines a ray,
and this ray is imaged as a line Fx in the second view that the corresponding point x0 must lie
on, regardless of depth. Thus, the fundamental matrix encodes for the relative projective pose
between views, known as the epipolar geometry of the scene.
If the scene geometry is coplanar, or if the cameras have the same focal point so that there
is no motion parallax, then the transformation between corresponding image points will be
perfectly described by a 3 × 3 homography H,

x0 ∝ Hx.

(3.2)

Thus, when the relative distance between view focal points (known as baseline) is small
in comparison to the depth of scene geometry, motion parallax becomes negligible and the
homography becomes an accurate model. If the correspondences can be well-modeled by a
homography, estimation of the fundamental matrix will not be well-conditioned because the
structure of the scene is indeterminate.
The problem of keyframe detection is to select views from the image series that do not suffer
from degeneracies that would make the subsequent estimation of projective geometry (e.g., using
the fundamental matrix) ill-conditioned. Because we use the trifocal tensor in our hierarchical
reconstruction framework, the issue of planar geometry does not pose a specific problem, but
it is still important that frames have sufficient baseline to display motion parallax.
Because F encodes for the epipolar geometry that we wish to reconstruct, and H works
precisely when F does not, one way to detect keyframes is to use the Geometric Robust In-
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formation Criterion (GRIC) [Torr, 1997, 2002] to detect when F fits the measurements better
than H, as was done in [Repko and Pollefeys, 2005; Pollefeys et al., 2002a].
However, it may take more frames than necessary before F is preferred, and this would
effectively reduce the number of available correspondences that could be found because it becomes more difficult to find correspondences for more widely separated views. Thus, there is
a very sensitive tradeoff: if the baseline is too small, then estimation of F will be inaccurate
because the relative noise in correspondences becomes large in comparison to motion parallax.
Conversely, if the baseline is too large, then fewer correspondences will be found and hence
estimation of F will either be less over-determined, or there may be insufficient data to make
an estimate, causing the reconstruction to be prematurely cut short.
For the purposes of reconstruction, our interest is not really to assess which model is better,
but rather to assess whether there is enough information available to estimate F with reasonable
accuracy. This is in the same spirit as the approach of Beder and Steffen [2006], where keyframes
were detected by analyzing the roundness of the uncertainty ellipsoids of triangulated points.
Our solution to this problem is to identify a set of correspondences that is uncontaminated
by outliers and then explicitly test the correspondences for planar degeneracy. In general, a set
of correspondences that is free from outliers can be found by estimating F using RANSAC [Fischler and Bolles, 1981]. It is important to note that even though F is not uniquely determined
from homography correspondences, it is still possible to find an F such that homography correspondences are satisfied by the epipolar constraint; thus, it can still be used to detect outliers
even when its estimation is not well-posed. We then fit a homography to the set of inliers, and
if the data is well fit by a homography then the estimate of F must have been ill-conditioned.
Thus, our keyframe detection amounts to a threshold on the mean residual value, which is
implemented using a sequential search from each previous keyframe (see Algorithm 1). This is
demonstrated graphically in Fig. 3.1.
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{ 1,2,4 }
2

3

Second Triplet
{ 4,6,9 }
5
6
7
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F45
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Figure 3.1. A hypothetical example showing how keyframes might be identified in an image series. In this
example, frames 1,2,4 have already been established as keyframes, and frame 4 is initially the current frame.
The system estimates the fundamental matrix between the last keyframe (view 4) and the next view (5), but the
residual error from the homography is too low to be classified as a keyframe. The process is repeated between
frames 4 and 6, and this time the threshold is exceeded, so frame 6 is marked as a keyframe. Successive frames
are now checked against frame 6 because it is the previous keyframe, and the final keyframe is found at frame 9.
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This is also conceptually similar to some other methods that explicitly test for degeneracy
of the fundamental matrix, such as QDEGSAC [Frahm and Pollefeys, 2006] or the method of
Chum et al. [2005]; however, the objective of those algorithms is to make a robust estimate of
F in the presence of (quasi)-degenerate data, and this is not a significant concern for keyframe
detection because we are only concerned with finding a set of inliers rather than making a good
estimate of F.

Algorithm 1 Detect all Keyframes
Require: keyT hresh is a threshold on the minimum amount of motion parallax demanded
between each keyframe, and minCorrs is the minimum number of correspondences needed
for reliable estimation.
Ensure: keyf rames is a list of keyframes.
1:

lastkey ← 1

2:

keyf rames ← {lastkey}

3:

hErr ← 0

4:

repeat

5:

i ← lastkey + 1

6:

corrs ← FindCorresondences(lastkey, i)

7:

inliersF ← InliersFromRobustF(corrs)

8:

if size(inliersF ) < minCorrs then

9:

return

10:

end if

11:

H ← EstimateHomography(inliersF, corrs)

12:

hErr ← MeanFitError(H, inliersF, corrs)

13:

if hErr > keyT hresh then

14:
15:
16:

Add i to keyf rames.
end if
until i + 1 > totalF rames

We find that a fixed threshold for keyT hresh of about 0.6% of the image width is effective.
Thus, for a 640 × 480 image, a threshold of about 3.84 pixels is sufficient. This may at first
seem like a very small displacement; however, one must remember that this is a threshold on
the distance remaining after having factored out all the motion that could be explained by a
homography. A homography can usually account for the vast majority of disparity (e.g., 90%),
so a threshold of 3.84 could easily correspond to an image displacement on the order of 40 or
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more pixels, and because this is only a threshold on the mean value, there would probably be
some correspondences with larger (e.g., 100 pixels) displacement.
When using the feature tracking method to generate correspondences (Section 3.3), Algorithm 1 is combined with tracking to form a single algorithm. However when using the wide
baseline matching approach Section 3.4, Algorithm 1 is executed as an independent algorithm.

3.2

Feature Point Detection

Good features to track are those that can be uniquely and reliably identified in both spatial
dimensions of the image plane in spite of rotation, perspective distortion, illumination change
and image noise. Primarily these points can be identified as either corners (the intersections of
two edges or endpoint of a line) or as roughly elliptical blobs of color.
We detect feature points in much the same way as was the original approach laid out by
Harris and Stephens [1988], by looking for points where the structure tensor has two equally
large eigenvalues. The structure tensor of image f (x, y) is given by
 
S=

∂f
∂x

2

∂f ∂f
∂x ∂y
 2
∂f
∂x


,

(3.3)

p
4S11 S22 + (S11 − S22 )2 ,

(3.4)

∂f ∂f
∂x ∂y

and its eigenvalues are given by

{λ1 , λ2 } = S11 + S22 ±

where Sij are the elements of S. The original heuristic used by Harris was designed specifically to
avoid the square root in (3.4) because at the time it was deemed too computationally intensive.
This is no longer the case, and it has since been noticed [Tomasi and Kanade, 1991] that
min(λ1 , λ2 ) is a better heuristic. This heuristic responds strongly to any point in the image plane
that can be uniquely localized in both spatial dimensions based on the local image gradients.
When dealing with color images we simply sum this heuristic over all three color channels.
Feature points can be detected at the maxima of the heuristic response, but there are usually
too many maxima and many of them are not good, so we employ a minimum threshold on the
heuristic as well. Although the threshold is good at selecting strong corners, it can also cause
large regions to be made devoid of corners. Ideally we would like corners to be uniformly
distributed across the image plane because clusters of corners that are very close together are
largely redundant. Therefore we have adopted a scheme for locally normalizing the heuristic
prior to thresholding based on the standard deviation of corner responses in a larger local
neighborhood. Specifically, if h(x, y) = min(λ1 , λ2 ), then we use
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h0 (x, y) =

h(x, y) − µ
,
max(σ, σmin )

(3.5)

where µ, σ are the local mean and standard deviation of h(x, y), and σmin is a constant that
damps the response in homogeneous areas to prevent small levels of image noise from being
detected as feature points. The threshold can then be specified in terms of σ; ie, 1.96σ. An
example of the heuristic response using this method is shown in Fig. 3.2.

(a)

(b)

(c)

Figure 3.2. Example heuristic interest point response function. (a) input image; (b) corner heuristic from
Tomasi and Kanade [1991] summed over all color channels; (c) corner heuristic after incorporating our weighting
to promote a uniform distribution.

After computing the heuristic at each point in the image the local maxima indicate the
location of feature points. This approach can be used to detect features of any desired size by
blurring the image using the differentiation scale σD , and then blurring the gradient images
using the integration scale σI . The purpose of the differentiation scale is to improve the robustness of the finite difference approximation to the local image gradient, whereas the integration
scale represents the size of the neighborhood to integrate over, and hence the scale of the feature
being detected. It is recommended to couple these two scales [Mikolajczyk and Schmid, 2004]
with σD = 0.7σI so that there is effectively only one free scale parameter.
An example of the heuristic response over a range of scales is shown in Fig. 3.3, where it
can be seen that both corners and blobs are detected using this approach.
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(a)

(b)

(d)

(c)

(e)

Figure 3.3. Example of multi-scale feature detection. In each image we have overlaid the heuristic corner/blob
response function with 85% opacity on top of the input image. (a) input image, with human classified corner
features dotted in red, and blob features circled in green; (b) heuristic feature response at scale of 2.0 pixels; (c)
heuristic feature response at scale of 4.0 pixels; (d) heuristic feature response at scale of 8.0 pixels; (e) heuristic
feature response at scale of 16.0 pixels.

Blob-like features are commonly detected as points that maximize the response of a Laplacianof-Gaussian (LoG)

∂2
∂2
G(x,
σ)
+
G(x, σ)
∂x2
∂y 2
 2

 2

1
x + y2
x + y2
=
− 1 exp −
,
πσ 4
2σ 2
2σ 2

LoG(x, σ) =

(3.6)
(3.7)

or the more computationally efficient Difference-of-Gaussians (DoG) [Marr and Hildreth, 1980]
approximation. Because the LoG has a negatively weighted core surrounded by positive weights
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it responds highly to blobs of color of the appropriate size. Thus, each blob feature has a
particular scale at which it responds most highly to the LoG, known as the characteristic scale
Lindeberg [1998].
However, the LoG also responds highly along edges, and therefore it must be used in combination with some other heuristic criterion in order to avoid the many spurious local maxima
in an image. For example, the Harris-Laplace detector [Mikolajczyk and Schmid, 2004] looks
for points in position-scale space that are simultaneously local maxima of the multi-scale Harris
corners at their characteristic scales.
The LoG is also frequently used in affine invariant feature detectors (see Mikolajczyk et al.
[2005] for thorough empirical comparisons). These affine invariant features can be useful in
very wide baseline matching but are not necessary for finding good points to track. We have
investigated using feature points based on the LoG but opted in favor of multi-scale Harris
points because they are more robust and can also be used to detect blobs (as opposed to simply
corners) by simply increasing the scale parameter.

3.3

Feature Tracking

In the seminal work of Lucas and Kanade [1981], a generic technique for nonlinear image
registration under a translation was proposed. This was extended to an affine warping by Shi
and Tomasi [1994], and Kanade-Lucas-Tomasi (KLT) feature tracking has been the de facto
standard way of tracking large numbers of correspondences in video ever since.
A number of related KLT variations were summarized in the unifying framework of Baker
and Matthews [2004], in which it was concluded that the inverse compositional derivation is the
most efficient for feature tracking. This was used to implement the first real time KLT tracker
by Jin et al. [2001], which utilized an affine photometric model to increase the reliability of
tracking under illumination changes due to reflection angle and camera automatic gain control.
More recently, real time KLT tracking has been performed on the GPU [Hedborg et al., 2007;
Sinha et al., 2007; Ohmer and Redding, 2008; Zach et al., 2008; Hwangbo et al., 2009; Kim
et al., 2009; Phull et al., 2010], and this can also be done with an affine photometric model
[Zach et al., 2008; Hwangbo et al., 2009; Kim et al., 2009].
Our feature tracking algorithm (Algorithm 3.4) dynamically locates new features, tracks
them, and identifies keyframes that have sufficient motion parallax by integrating with Algorithm 1. Feature points are identified as described in Section 3.2 and then tracked as described
in Section 3.3.1.
We use two methods of outlier detection on the feature tracks. First, we reject tracks when
the Normalized Cross Correlation (NCC) between the original template and the most recent
match falls below a threshold of 0.95. This is similar to the Sum of Squared Differences (SSD)
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dissimilarity measure used in Shi and Tomasi [1994], but we find that the NCC is a more reliable
measure in the presence of illumination changes, and has yielded more reliable performance for
us than the X84 rejection rule [Tommasini et al., 1998; Fusiello et al., 1999]. Secondly, we test
the epipolar constraint against the fundamental matrix that is estimated for keyframe detection.

Combined Feature Tracking and Keyframe Detection Algorithm
1. Register the images using a perspective photometric model with KLT.
2. For each feature, initialize the affine photometric model with the overall perspective photometric model and then register the template using KLT.
3. Terminate all feature tracks where the NCC falls below a threshold τ1 .
4. Compute a robust estimate of the fundamental matrix F between the current frame and
the previous keyframe using all tracks.
5. Terminate all feature tracks that violate the epipolar constraint by more than τ2 using F.
6. Estimate the homography H from all fundamental matrix inliers. If the mean residual
error is greater than τ3 then this is a new keyframe.
7. Detect corners in the new image as local maxima of the multi-scale Harris detector. For
each corner point, lookup the nearest feature track. If the distance is greater than τ4 ,
then use the corner to initialize a new feature.
Figure 3.4. Summary of our algorithm for combined feature tracking and keyframe detecting.

Some examples of the feature tracks found using our tracker are shown in figures 3.5 and
3.6. A few outliers can be seen in these examples, but these do not pose a significant problem
because they will be filtered out later on by the trifocal tensor constraints during reconstruction.
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Figure 3.5. Active feature tracks on frame 296 of an aerial helicopter video. The centroid of each feature in the
current frame is shown as a red dot, with a white trail indicating past history.
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Figure 3.6. Active feature tracks on frame 14 of a synthetic video. The centroid of each feature in the current
frame is shown as a red dot, with a white trail indicating past history.

3.3.1

Lucas-Kanade Image Registration

Given a parameterized model of allowable transformations W(x; p), the goal of the Lucas and
Kanade [1981] image registration algorithm is to find the parameter vector p that minimizes
the Sum of Squared Differences (SSD) between a template image T (x) and a search image I(x)
transformed back into the reference frame of the template,

X

(I(W(x; p)) − T(x))2 ,

(3.8)

x∈A

where A is the area of the template image. The algorithm assumes that p is approximately
known and then iteratively computes an update ∆p for nonlinear improvement. Thus, each
step approximately minimizes
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X

(I(W(x; p + ∆p)) − T(x))2 .

(3.9)

x∈A

Equation (3.9) is linearized using a first-order Taylor expansion to give

2
X
∂W
I(W(x; p)) + ∆I
∆p − T(x) ,
∂p

(3.10)

x∈A

where ∆I =



∂I ∂I
∂x , ∂y



is the gradient of I evaluated at W(x; p), and

∂W
∂p

is the Jacobian of

W(x; p). The partial derivative of (3.10) with respect to ∆p is


X  ∂W T 
∂W
∆I
I(W(x; p)) + ∆I
∆p − T(x) .
∂p
∂p

(3.11)

x∈A

Setting (3.11) to zero and solving gives the closed form solution for the approximate minimum as

∆p = H−1

X

JT (T (x) − I(W(x; p))),

(3.12)

x∈A
T
where J = ∆I ∂W
∂p is the Jacobian of I(W(x; p)) and H = J J is the Gauss-Newton approxi-

mation to the Hessian.
It was shown in Lucas and Kanade [1981] that the algorithm will converge for periodic
functions when the initialization is within one-half period. Thus, it is recommended to minimize
using a coarse to fine approach on an image pyramid, starting with low-frequency information
and progressively refining the transformation as higher frequency content is added back in,
thereby achieving high precision while also remaining relatively robust to local minima.
This algorithm can be used for registering large images or small templates, although it
becomes progressively less reliable for smaller template sizes. The basic approach derived above
is referred to as the forward additive model. There are a number of other derivations that have
been compared in Baker and Matthews [2004], in which it was determined that the inverse
compositional derivation is mathematically equivalent up to first order, but is more efficient for
repeated template matching because the Hessian can be precomputed. Since Jin et al. [2001],
this is the method used by most modern feature trackers.
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3.3.1.1

Transformation Models

If we approximate the geometry of the template patch as being locally planar, then its projective
transformation is described by a 3 × 3 homography of P2 denoted by H. Using homogeneous
coordinates, this transformation is given by

W(x; p) = Hx,

(3.13)

where p is an 8-vector containing the elements of H (less one that can be fixed for scale). This
is the most general warping model that has been used within the KLT framework [Baker and
Matthews, 2004], although modern feature trackers generally use an affine warping instead [Shi
and Tomasi, 1994; Jin et al., 2001; Zach et al., 2008; Hwangbo et al., 2009; Kim et al., 2009]
because it has fewer parameters, making it less prone to over-fitting for small templates. Using
inhomogeneous coordinates, the affine transformation is given by

W(x; p) = Ax + b,

(3.14)

and now p is a 6-vector containing the elements of A and b. In order to deal with illumination
changes due to camera automatic gain control and perspective-dependent surface reflection, an
illumination model can be employed as well. This has been done using the affine photometric
model [Jin et al., 2001; Zach et al., 2008; Hwangbo et al., 2009; Kim et al., 2009],

I(W(x; p)) = β + αI(Ax + b),

(3.15)

where β represents an additive brightness term and α is a multiplicative gain factor that represents contrast change. In this case p is an 8-vector containing all photometric parameters. We
use the affine photometric model for the same reasons described above.

3.3.2

Homography Initialization

Feature trackers that use the KLT typically assume an identity transformation for the initial
estimate of the transformation parameters p of each feature. However, if one has a prior model
for the overall image registration, this can be used to initialize the local feature patches for
improved performance and reliability of convergence.
For example, in Hwangbo et al. [2009] and Kim et al. [2009] an external Inertial Motion Unit
(IMU) sensor was used to get a rough estimate of the rotation between frames, and in Phull
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et al. [2010] registration of each feature using a scale pyramid was abandoned in favor of using
variable sized features that were registered in order of decreasing size, with the transformation
of each matched feature being used to initialize the next smaller feature.
Our approach is simply to downsize the two images and then register them with KLT using
a perspective photometric model. From this estimate of the overall image homography we
initialize the local affine photometric parameters of each feature. This is more accurate than
the method of Hwangbo et al. [2009] because it uses the precise image information rather than
relying upon imprecise external measurements, and because a homography is a more general
model than a rotation it can provide a better initialization. It is also simpler and more accurate
than the method of Phull et al. [2010] because the features do not need to be multi-scale, and the
overall image homography is more likely to provide a good initialization for any given feature
than the local homography used by another small feature.
In order to initialize the local affine transformations from the global homography we recognize that each of the four corners ci = (xi , yi )T , i = 1 . . . 4 of the template T should be
transformed to
(x0i , yi0 )T = H (Aci + b) ,

(3.16)

where H represents the overall image registration, and A and b represent the affine transformation of the patch in the previous frame. Thus, each corner provides two linear constraints
on the affine parameter vector p given by

"

xi yi

0

0

x i yi 0 1

0

0

1 0

#

"
p=

x0i
yi0

#
,

(3.17)

from which p can be solved using linear least squares. The photometric parameters of the patch
are then directly copied from the photometric parameters of the overall perspective photometric
image registration. An example of the registration computed using this approach on a pair of
images with relatively wide baseline is shown in Fig. 3.7, where it can be seen from the difference
images that the image alignment is much closer, and hence the nonlinear convergence of small
patches will be improved.
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(a)

(b)

(d)

(c)

(e)

Figure 3.7. Example of image registration using a homography to reduce search distance. (a) previous keyframe;
(b) current keyframe; (c) previous keyframe after being registered into the frame of current keyframe using a
homography; (d) image difference between previous and current keyframes; (e) image difference between previous
keyframe registered with current keyframe.

3.4

Wide Baseline Matching

Even when supplied with a good initial homography registration and relatively large templates,
we have observed that KLT feature matching can be quite unstable when the images differ by
more than a small amount. Therefore, we have adopted a more robust matching approach to
deal with some image sequences.
As noted in Shi and Tomasi [1994]; Jin et al. [2001], feature tracks that are constructed
by inter-frame matching are prone to the systematic accumulation of error (a.k.a. feature
drift) that would prevent a long track from being triangulated into a single structure point,
and cause any reconstruction attempt to become highly unstable. To cope with this issue we
do not attempt to track features across intermediate frames; rather, we directly search for
correspondences between keyframes when reconstructing trifocal tensors.
Given any two frames that we wish to find correspondences between (such as during keyframe
detection in Algorithm 1), we first detect feature points in the first image (Section 3.2) and
then match these features in the second image using guided matching (Section 3.4.1).
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When it becomes time to estimate a trifocal tensor we will require triplet correspondences,
and we find these by doing two successive guided matchings. In other words, if the keyframes are
{k1 , k2 , k3 }, then we first search for features in k1 and then extend these using a guided matching
from k1 → k2 , and finally with a second guided matching from k2 → k3 . Although the second
matching is susceptible to accumulated error from the first matching, we do not ever repeat the
process into additional frames, and thus the error does not systematically accumulate.
Additionally, we have developed a novel system of merging inter-frame correspondences into
longer feature ‘tracks’ that avoids the problem of feature drift (Section 5.6); however, unlike
the conventional feature tracking algorithm which may be computed as a separate module, this
requires a deeper level of integration into the overall reconstruction system.

3.4.1

Guided Matching

Because we wish to use the method for extending matches across triplets, our objective is to
take an initial set of features in one image and output a set of matching points in a second
image. Our approach is to first estimate the overall motion between views and then use this
motion model to guide the search for our matches of interest. This is conceptually similar to the
guided matching approach described in Pollefeys et al. [1998]; Hartley and Zisserman [2004],
but different in that we do not actively identify new feature points during the process.
Because the correspondences between two images can be related in various degrees by either
a homography or fundamental matrix (Section 3.1), both of these matrices can be used to
restrict the search region, as shown in Fig. 3.8. The fundamental matrix restricts the search
space to an epipolar line (within some small tolerance related to the precision of the estimate),
and the homography restricts the search space to a point (with some large tolerance related to
the relative baseline and effective motion parallax). Therefore, our first step is to compute an
estimate of both of these matrices.
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Previous location

Previous location

Epipolar line
constraint
Point match
suggested by
homography

Search region from
spatio-temporal coherency
assumption

Search region from
spatio-temporal coherency
assumption

Figure 3.8. Guided matching search regions. Without any specific knowledge, the search region (shaded gray)
for correspondences can only be limited by some weak assumption of spatio-temporal coherency (left). If the
fundamental matrix is known, the search is restricted to the epipolar line (within some small tolerance); if an
estimate of the homography is also known, then one obtains an approximate point match that defines a new
circular search region. By intersecting all three constraints we obtain a much smaller search region.

The homography can be estimated nonlinearly using KLT with the projective photometric
model, as shown in Fig. 3.7. However, the nonlinear KLT method is very sensitive and may
fail to find the best homography for medium baseline pairs. In this case, a much more reliable
method is to identify sparse correspondences and linearly solve for the homography from these
point matches. We use the second approach. In order to find correspondences, we first downsample the images for improved performance and then identify feature points in both images
(Section 3.2). Feature points in the second image are then stored in a regular grid structure
that supports amortized O(1) lookup of all feature points within a specified radius of some
point (assuming uniform density of feature points).
For each feature point in the first image we query the regular grid for the list of feature
points in the right image within the specified radius. For each candidate match, we compute
a rotation insensitive matching score by evaluating the Normalized Cross Correlation (NCC)
at all angles in 10◦ increments (the choice of increment is largely arbitrary and should be
chosen based on computational demands as well as the size of the features, as larger features
will benefit from finer discretization). We have found experimentally that this explicit search
over rotation space is more robust than nonlinear minimization of the KLT using the affine
photometric model (3.15). Matches that maximize the NCC, and have NCC greater than 0.95,
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are taken as correspondences.
From this set of correspondences we compute a robust estimate of the fundamental matrix F
using RANSAC, and then from the set of inliers we estimate the homography H. An appropriate
search radius from the point match suggested by the homography is then determined adaptively
by looking at the residual errors; the more motion parallax there is present, the larger the search
radius will need to be. Specifically, we use a search radius that is the maximum of the 80th
percentile of the residuals and a threshold to enforce a minimum search radius, because if the
fundamental matrix was estimated from quasi-degenerate (i.e., mostly coplanar) data then we
do not want to search only for more planar matches.
Finally, we repeat the above matching process on the full scale images to match the set
of input features in the second image. From each set of candidate match points, we test only
against the potential matches that are within both the epipolar threshold and automatically
determined radius from the homography. The restricted search space improves performance
because there are fewer potential matches that need to be tested, and also reduces the number
of outliers because the probability of matching an outlier is reduced because the total number
of potential matches has been reduced without eliminating the correct match.
Example correspondences found using this guided matching are shown in Fig. 3.9, Fig.
3.10, and Fig. 3.11. As can be seen from the figures, the feature point detection and matching
is very robust, even under moderate changes in perspective.

Figure 3.9. Example correspondences. There are 1451 correspondences and a fundamental matrix was fit with
mean squared reprojection error of 0.14 pixels. (a) left image with numbered features; (b) right image with
matched features and optical flow vectors.

31

Figure 3.10. Example correspondences. There are 1822 correspondences and a fundamental matrix was fit with
mean squared reprojection error of 0.106 pixels. (a) left image with numbered features; (b) right image with
matched features and optical flow vectors.

Figure 3.11. Example correspondences. There are 452 correspondences and a fundamental matrix was fit with
mean squared reprojection error of 0.105 pixels. (a) left image with numbered features; (b) right image with
matched features and optical flow vectors.
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Chapter 4

Projective Triplet Reconstruction
In this chapter we discuss the issue of computing an accurate and reliable projective reconstruction from three views. It is well known that the trifocal tensor can be estimated either
minimally from 6 points [Quan, 1995; Carlsson and Weinshall, 1998; Hartley and Debunne,
1998; Hartley and Dano, 2000] or linearly from 7 or more points [Hartley, 1995; Shashua and
Werman, 1995; Hartley, 1998a]. The linear method is over-determined, which provides robustness to noise, but does not enforce internal constraints so the result is not geometrically
consistent. In contrast, the minimal algorithm implicitly enforces all internal constraints and
requires fewer points, which theoretically means fewer iterations will be required when used
within a RANSAC framework for robust estimation.
The importance of using minimal methods within RANSAC has been stressed [Fischler
and Bolles, 1981], and in particular it has been concluded that the 6 point method should be
used when estimating the trifocal tensor [Torr and Zisserman, 1997; Hartley and Zisserman,
2004], with empirical results showing that the 6 point method produces substantially lower error
[Torr, 1995; Torr and Zisserman, 1997]. However, it has been noticed that using a linear initial
estimate from a non-minimal subset increases the robustness to noise [Chum et al., 2003], and
this may lead to improved convergence characteristics.
More recently developed quasi-linear methods improve the performance of the linear method
by enforcing internal constraints and were not considered in the previous studies. The purpose
of this research was to determine whether or not the minimal or linear algorithm is better to
use within RANSAC when state of the art techniques are employed; and, if the linear method
is superior, then we also wanted to know which variation was most effective, and how many
points to use for optimal performance.
We begin by introducing some basic mathematical background by showing how the tensor
can be derived from corresponding line constraints in three images (Section 4.1) and how it
relates to projection matrices (Section 4.1.1).
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There is still no direct method for over-determined estimation of the tensor that takes into
account all of the internal tensor constraints (Section 4.1.2), which are themselves still not fully
understood. Therefore, we felt that this was a subject that merited further research. Although
we were not able to find such an ideal algorithm, we have at least managed to derive the final
three internal constraints (Section 4.1.2.5), and shown how these constraints can be used to
define a new parameterization (Section 4.1.2.5.1).
We then discuss existing trifocal tensor estimation algorithms (Section 4.2), beginning with
the minimal 6 point solution (Section 4.2.1), in which we introduce some minor tricks for
improving robustness and disambiguiting between the multiple solutions. Next we introduce
the basic linear method (Section 4.2.2), and discuss three alternative ways for enforcing the
trilinear constraints (Section 4.2.2.1), as well as four methods for quasi-linear reestimation
to enforce internal consistency constraints (Section 4.2.2.2). We also provide a discussion of
additional estimation algorithms and explain why they were not included in our comparison
(Section 4.2.3).
Out experiments (Section 4.4) begin with several tests designed to first find the best linear
variation (Section 4.4.1) which we then compare to the minimal algorithm to see which has better performance (Section 4.4.2). Finally we investigate performance in RANSAC as a function
of the number of points used, on both synthetic and real data (Section 4.4.3).
Our experimental results indicate several things: (a) we show that an older, lesser used,
method of quasi-linear enforcement of the internal constraints actually performs best; (b) we
could find no difference in performance between the various methods of trilinear constraint
representation, which leads us to believe that it is best to stick with the simplest and fastest
method; (c) we show that the best linear variation provides a substantially more accurate estimate than the minimal method, and is nearly a maximum likelihood estimate when estimated
from more than 10 points; (d) contrary to popular belief, we show that using larger subset size
in RANSAC is actually better because it allows a larger final consensus size to be reached, and
in a shorter overall runtime, despite the fact that runtime for the minimal method by itself is
substantially faster.

4.1

The Trifocal Tensor

The constraints on corresponding lines in three views were first derived for calibrated cameras
in [Spetsakis and Aloimonos, 1990; Weng et al., 1992b]. These constraints were generalized
to the uncalibrated case in [Shashua, 1995], and formulated in terms of a trifocal tensor in
[Hartley, 1995; Shashua and Werman, 1995; Triggs, 1995]. It was shown in [Hartley, 1997b]
that point constraints could also be represented using the tensor. In this section we summarize
the derivation of the tensor from line constraints as described in [Hartley and Zisserman, 2004].
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Without loss of generality, the first projection matrix can be assumed canonical, so that the
set of projection matrices for three views can be written as

P = [I|0]

(4.1)

P0 = [a1 . . . a4 ] = [A|a4 ]

(4.2)

00

P = [b1 . . . b4 ] = [B|b4 ].

(4.3)

The tensor will be derived based on a correspondence between images of a line in 3D space.
Let the three corresponding lines in the image plane be denoted as l ↔ l0 ↔ l00 . The back
projection of each line yields a plane,

π = PT l = (lT , 0)T
"
#
T l0
A
T
π 0 = P0 l 0 =
0
aT
4l
"
#
T l00
B
T
.
π 00 = P00 l00 =
00
bT
4l

(4.4)
(4.5)
(4.6)

Because the lines were all images of a single 3D line, these back-projected planes must all
intersect in a single 3D line that we write parametrically as a linear combination of two points
X1 and X2 ,

X(t) = tX1 + (1 − t)X2 .

(4.7)

Figure 4.1. Diagram of trifocal line constraints. The first camera center is denoted by C. A parametric 3D line
in space is given by X(t). This line projects onto the first image plane as l. The line l back-projects to the plane
π. Notation is similar with respect to the other two views.
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This incidence relation is diagrammed in Fig. 4.1. Clearly, X(t) must be a point on each
back-projected plane equation, so

T

T

π T X(t) = π 0 X(t) = π 00 X(t) = 0.

(4.8)

If we concatenate these planes into a 4 × 3 matrix M = [π|π 0 |π 00 ], then MT X(t) = 0.
Substituting (4.4-4.6) into M, we obtain

"
M=

l

AT l0 BT l00

0

0
aT
4l

#

00
bT
4l

.

(4.9)

Because MT X1 = 0 and MT X2 = 0, M must have at least a 2-dimensional null space and
is therefore at most rank 2 by the rank-nullity theorem. Thus, it follows that the first column
can be written as a linear combination of the second two columns, so π = απ 0 + βπ 00 . From the
bottom row we obtain

0
T 00
0 = αaT
4 l + βb4 l ,

(4.10)

00
T 0
which implies that α = kbT
4 l and β = −ka4 l for some scalar k. Making these substitutions

back into the top half of M provides a homogeneous equivalence constraint between the lines,

00 T 0
T 0 T 00
l = bT
4 l A l − a4 l B l
T

T

= l00 b4 AT l0 − l0 a4 BT l00 .

(4.11)
(4.12)

Introducing the notation l = (l1 , l2 , l3 )T and

T
Ti = ai bT
4 − a4 bi ,

(4.13)

it can be verified that (4.12) is equivalent to

li = l0 Ti l00 ∀i.

(4.14)

Thus, the relationship between cameras has been completely described by {T1 , T2 , T3 }. These
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three matrices, known as the correlation slices, can be represented by a single 3 × 3 × 3 tensor
T , allowing the above relations to be written equivalently in tensor notation as

Tijk = aji bk4 − aj4 bki

(4.15)

lj0 lk00 Tjjk .

(4.16)

li =

It should be noted that, similar to the fundamental matrix, the views are treated asymmetrically by the trifocal tensor. In other words, there are three different trifocal tensors for any
trio of views depending on the order in which the views are considered. In the remainder of
this work, we assume an implicit ordering of these views.

4.1.1

Relationship to Projection Matrices

Because the trifocal tensor provides a complete description of the epipolar geometry for three
views, it must be possible to extract a suitable set of projection matrices. However, it is not
immediately obvious how one could factor a given tensor into the form of (4.13) to get back the
original camera matrices. An algorithm is given in [Hartley and Zisserman, 2004, Alg. 15.1]
and is summarized here.
One begins by calculating the epipoles e0 and e00 , which are the images of the focal point
of the first camera in the other two views. This is achieved in two steps. First, denote the left
and right null spaces of each Ti as vi and ui in

Ti vi = 0,

i = 1...3

(4.17)

TT
i ui

i = 1 . . . 3.

(4.18)

= 0,

Next, denote U = [u1 |u2 |u3 ]T and V = [v1 |v2 |v3 ]T . Then the epipoles are given by the
null spaces of U and V,

Ue0 = 0
00

Ve = 0.

(4.19)
(4.20)

Once the epipoles have been determined, one can recover the fundamental matrix between
the first two views. Recall that the tensor was defined based on a correspondence between lines
l ↔ l0 ↔ l00 in each image. If the third line l00 back projects into a plane π 00 , then this plane
induces a planar-homography mapping the first line l to the second line l0 .
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A homography that transfers points according to x0 = Hx transfers lines according to
l0 = H−T l. According to this definition, (4.14) implies that the homography transferring a line
from the first to the second image induced by a line in the third image is given by

H12 = [T1 , T2 , T3 ]l00 ,

(4.21)

where the notational convention of writing A[B, C, D]E is used as a shorthand for [ABE|ACE|ADE].
Given a point x in the first view, it is therefore transferred to x0 = H12 x in the second view.
The line between two points is given by the cross product, so the epipolar line l0e corresponding
to x is given by

l0e = e0 × [T1 , T2 , T3 ]l00 x.

(4.22)

Thus, the fundamental matrix F12 from the first to the second view is given by

F12 = [e0 ]× [T1 , T2 , T3 ]l00 .

(4.23)

This formula holds for any l00 as long as l00 is not in the null space of any Ti . One choice
that avoids this degeneracy is e00 . Thus, one obtains

F12 = [e0 ]× [T1 , T2 , T3 ]e00 .

(4.24)

It is known that the fundamental matrix corresponding to a pair of cameras given by
P = [I|0] and P0 = [M|m] is equal to [m]× M. Therefore, a suitable choice for the first
two camera matrices consistent with the tensor is given by

P = [I|0]
0

(4.25)
00

0

P = [[T1 , T2 , T3 ]e |e ].

(4.26)

The third camera matrix can now be determined from (4.13). Using the notation of (4.3),
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ai = Ti e00 ,

i = 1...3

(4.27)

0

(4.28)

00

(4.29)

a4 = e
b4 = e
and substituting into (4.13) we obtain

T

Ti = Ti e00 e00 − e0 bT
i
T

00 00
e0 bT
− I).
i = Ti (e e

(4.30)
(4.31)

If we choose the scale of e0 such that e0 T e0 = ||e00 || = 1, then we can left multiply by e0 T to
get

T

T

00 00
0
− I)
bT
i = e Ti (e e
T

0
bi = (e00 e00 − I)TT
i e.

(4.32)
(4.33)

Thus, a consistent choice for the third camera matrix is given by

T

T T 0 00
P00 = [(e00 e00 − I)[TT
1 , T2 , T3 ]e |e ].

4.1.2

(4.34)

Internal Tensor Constraints

A reconstruction from projection constraints alone is, at best, ambiguous up to an arbitrary
projective transform having 15 degrees of freedom (dof). Each camera matrix has 11 dof, so
there are 11m − 15 dof to the projective-invariant geometry (henceforth referred to as epipolar
geometry) of m unique cameras [Hartley and Zisserman, 2004, sec. 17.5].
In the case of 2 views, the epipolar geometry has 7 dof and may be conveniently represented
by the 3 × 3 fundamental matrix F. The additional 2 parameters in the matrix F may be
attributed to an ambiguous overall scale factor and a single internal constraint that rank F = 2.
This is usually relaxed to rank F ≤ 2, making it equivalent to det F = 0, which can be written
as a simple polynomial.
Similarly, we have seen in Section 4.1 that the geometric relationship between three views
can be conveniently represented by the 3 × 3 × 3 trifocal tensor, denoted by T . Again by the
argument above, it is clear that the epipolar geometry of three views has 18 dof, although
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the tensor T has 27 parameters. Thus, not all tensors are a consistent representation of some
epipolar geometry. One parameter may be attributed to the overall scale factor, meaning that
a geometrically meaningful tensor must satisfy 8 independent algebraic constraints.
Unlike the fundamental matrix, the trifocal constraints are not straightforward and have
not previously been fully understood [Faugeras and Mourrain, 1995; Laveau, 1996; Torr and
Zisserman, 1997] [Hartley and Zisserman, 2004, sec. 15.1]. The earliest known constraints are
the three rank constraints (3rd order) and two epipolar constraints (5th order) [Hartley, 1997b;
Faugeras and Papadopoulo, 1998; Papadopoulo and Faugeras, 1998], which are fairly straightforward to identify from the definition (Section 4.1.2.1). However, this set of five constraints is
insufficient because they leave three additional degrees of freedom unaccounted for.
An additional 27 axes constraints (Section 4.1.2.2) of 6th order were discovered in Faugeras
and Papadopoulo [1998]. These axes constraints are not fully independent from one another,
although they are independent from the previous rank and epipolar constraints. Thus, all 32
constraints were needed to constrain the tensor at that time.
It was later shown in Papadopoulo and Faugeras [1998] that there are a set of 10 extended
rank constraints (Section 4.1.2.3), three of which are equivalent to the original rank constraints.
These are 3rd order, and independent from the epipolar constraints. Thus, the epipolar constraints can be taken with the extended rank constraints to yield a set of 12 sufficient constraints.
Finally, Canterakis [2000] discovered a set of 8 constraints (of up to 12th degree) based
on the concept of generalized eigenvalues (Section 4.1.2.4). This is currently the only minimal
and sufficient set of constraints that is known. However, a somewhat unsatisfactory property of
these constraints is that they are not so simple as the well known rank and epipolar constraints.
From the counting argument, it is clear that there must exist a set of 3 constraints that
can be taken with the well-known rank and epipolar constraints to yield an alternative set of
constraints that is both minimal and sufficient. This set would likely be simpler and preferable
for the purpose of constrained estimation than the generalized eigenspace constraints which are
rather cumbersome to deal with. The identification of these final constraints has remained an
open problem until now (Section 4.1.2.5).
4.1.2.1

Rank and Epipolar Constraints

The rank and epipolar constraints are a set of 5 independent constraints on the tensor that have
been known for some time [Hartley, 1997b; Faugeras and Papadopoulo, 1998; Papadopoulo and
Faugeras, 1998], and can be deduced from (4.17-4.34). Specifically, in order for the null spaces
in (4.17-4.18) to exist, each Ti must be of rank 2. This may also be deduced from the fact that
Ti was defined as the sum of two outer products in (4.13). Thus, the first three constraints may
be taken as,
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rank Ti = 2,

i = 1 . . . 3.

(4.35)

These are the rank constraints. They arise as a direct result of the assumption that corresponding lines must back-project into planes that intersect in a common 3D line.
Similarly, in order for the epipoles to exist as null spaces in (4.19-4.20), the rank of the
matrix of left null vectors, as well as the rank of the matrix of right null vectors, must be 2.
Thus, an additional two constraints, called the epipolar constraints, are given by

rank U = 2

(4.36)

rank V = 2.

(4.37)

These epipolar constraints enforce the property that all projection rays emanating from one
camera’s focal point must intersect at a common epipolar point in the image plane of another
camera.
Constraints of the form rank M = 2 on 3×3 matrices are usually treated as being equivalent
to det M = 0 to be enforced as polynomials. However, it should be noted that degenerate matrices having rank < 2 do not represent valid trifocal tensors, although the inequality constraint
that rank > 1 does not affect the dof.
4.1.2.2

Axes Constraints

There are 27 axes constraints [Faugeras and Papadopoulo, 1998; Faugeras et al., 2001], 9 for each
dimension of the tensor. These are 6th degree polynomials in the tensor elements, independent
from the rank and epipolar constraints. Recall that the trifocal tensor elements are indexed as
Tijk where i, j, k index the correlation slice, row, and column dimensions, respectively.
In order to denote these constraints, we introduce the notation that an asterisk in any
dimension means all the values in that dimension will be collected into a column vector. In
other words, Ti∗k denotes the kth column of the ith correlation slice Ti , Tij∗ denotes the transpose
of the jth row of Ti , and T∗jk denotes the column vector formed by taking the (j, k)th element
from each correlation slice.
Without further ado, the vertical constraints are
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T∗ik , T∗il , T∗jl T∗ik , T∗jk , T∗jl −

(4.38)

T∗jk , T∗il , T∗jl T∗ik , T∗jk , T∗il = 0,

(4.39)

the horizontal column constraints are

Ti∗k , Ti∗l , Tj∗l Ti∗k , Tj∗k , Tj∗l −

(4.40)

Tj∗k , Ti∗l , Tj∗l Ti∗k , Tj∗k , Ti∗l = 0,

(4.41)

and the horizontal row constraints are

Tik∗ , Til∗ , Tjl∗ Tik∗ , Tjk∗ , Tjl∗ −

(4.42)

Tjk∗ , Til∗ , Tjl∗ Tik∗ , Tjk∗ , Til∗ = 0,

(4.43)

where i, j, k, l ∈ {1, 2, 3} and i < j and k < l. Note that commas have been used in the above
equations to denote the merging of three columns together to form a 3 × 3 matrix.
4.1.2.3

Extended Rank Constraints

It is known that any linear combination of the tensor slices must also have rank 2. Specifically,
if x = (x1 , x2 , x3 )T then

rank

X

xi Ti = 2.

(4.44)

i

Geometrically, if x is a point in the first image then the left and right null spaces of

P

i xi T i

are the corresponding epipolar lines in the second and third views, respectively [Hartley and
Zisserman, 2004].
The requirement that all linear combinations have rank 2 can be translated into a set of
10 algebraic constraints called the extended rank constraints [Papadopoulo and Faugeras, 1998;
Faugeras et al., 2001] as follows. The rank constraint in (4.44) implies a zero determinant,
which can be expanded to the polynomial
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det

X

xi Ti = c1 x31 + c2 x32 + c3 x33

i

+ c4 x21 x2 + c5 x21 x3
+ c6 x22 x1 + c7 x22 x3

(4.45)

+ c8 x23 x1 + c9 x23 x2
+ c10 x1 x2 x3 = 0.
In order for this polynomial to be zero for all choices of x, it must be the case that the
coefficients ci = 0 ∀i. These are the ten extended rank constraints. The first three coefficients
are ci = det Ti for i = 1 . . . 3, so these are just the original rank constraints, but the remaining
7 are independent from the basic rank and epipolar constraints. They may be expanded to
∗1

∗2

∗3

c4 = T1 , T1 , T2
c5 =

∗1
∗2
∗3
T1 , T1 , T3

c6 =

∗1
∗2
∗3
T2 , T2 , T1

c7 =

∗1
∗2
∗3
T2 , T2 , T3

c8 =

∗1
∗2
∗3
T3 , T3 , T1

c9 =

∗1
∗2
∗3
T3 , T3 , T2

∗2

∗3

+

∗1
∗2
∗3
T1 , T3 , T1

+

∗1
∗2
∗3
T2 , T1 , T2

+

∗1
∗2
∗3
T2 , T3 , T2

+

∗1
∗2
∗3
T3 , T1 , T3

+

∗1
∗2
∗3
T3 , T2 , T3

c10 = T1 , T2 , T3

∗1

∗2

∗3

+ T1 , T3 , T2

∗1

∗2

∗3

+ T3 , T1 , T2

T2 , T3 , T1

4.1.2.4

∗1

+ T1 , T2 , T1

∗1

∗2

∗3

=0

(4.46)

+

∗1
∗2
∗3
T3 , T1 , T1

=0

(4.47)

+

∗1
∗2
∗3
T1 , T2 , T2

=0

(4.48)

+

∗1
∗2
∗3
T3 , T2 , T2

=0

(4.49)

+

∗1
∗2
∗3
T1 , T3 , T3

=0

(4.50)

+

∗1
∗2
∗3
T2 , T3 , T3

=0

(4.51)

+ T2 , T1 , T1

∗1

∗2

∗3

+ T2 , T1 , T3

∗1

∗2

∗3

+ T3 , T2 , T1

∗1

∗2

∗3

∗1

∗2

∗3

+
(4.52)
= 0.

Generalized Eigenspace Constraints

It was shown in [Canterakis, 2000] that a minimal set of 8 necessary and sufficient constraints
for a trifocal tensor could be derived by ensuring that the generalized eigenspaces between
each pair of tensor slices Ti intersect in a common point, and that there exists a common onedimensional generalized eigenspace of all pairs. Specifically, the following conditions must be
satisfied:
1. The polynomial det(T2 −λT1 ) must have a single root λ1 and double root λ2 , and rank(T2 −
λ2 T1 ) = 1.
2. The polynomial det(T3 − µT1 ) must have a single root µ1 and a double root µ2 , and
rank(T3 − µ2 T1 ) = 1.
3. If a, b, a0 , b0 are the generalized eigenvectors corresponding to the eigenvalues λ1 , λ2 , µ1
and µ2 (respectively), then a ∝ a0 .
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These constraints are not independent from any of the previous constraints. The requirement that a ∝ a0 amounts to checking for equality between two inhomogeneous 2-vectors and
therefore provides two algebraic constraints.
In order for a 3rd degree polynomial

p(λ) = aλ3 + bλ2 + cλ + d

(4.53)

to have a double root, it must be the case that

B 2 − 4AC = 0,

(4.54)

where A = b2 − 3ac, B = bc − 9ad and C = c2 − 3bd. In this case, the roots are given by

λ1 = B/A − b/a

(4.55)

λ2 = −B/(2A).

(4.56)

The two conditions of this type therefore provide two constraints. In terms of the tensor
elements, the coefficients of det(T2 −λT1 ) are 3rd degree, A, B, C are 6th degree, and the double
root constraint is therefore 12th degree.
The constraint rank(T2 − λ2 T1 ) = 1 is equivalent to

(T2 − λ2 T1 )(a × b) ∝ T1 a,

(4.57)

(and similarly for the second pair). These requirements provide the final four constraints.
4.1.2.5

Circular Constraints

The final 3 constraints can be obtained by substituting the recovered camera matrices from
(4.26) and (4.34) back into (4.13). This may at first seem like circular logic because the camera
matrices were derived from (4.13). However, the presence of singular outer-product matrices
prevents the resulting equations from being simplified down to a trivial result such as I = I,
and real constraints arise. We will refer to these as the circular constraints.
In Section 4.1.1 we have already derived
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ai = Ti e00 ,

i = 1...3

(4.58)

0

a4 = e
bT
i

(4.59)

0T

00 00 T

= e Ti (e e

− I),

i = 1...3

b4 = e00 ,

(4.60)
(4.61)

which can be substituted back into (4.13) to obtain

T

T

T

Ti = Ti e00 e00 − e0 (e0 Ti (e00 e00 − I))
T

T

T

0 = Ti (e00 e00 − I) − e0 e0 Ti (e00 e00 − I)
0 0T

00 00 T

0 = (I − e e )Ti (e e

− I).

(4.62)
(4.63)
(4.64)

Because outer product matrices and Ti are all singular, nothing further can be canceled out.
However, one must be careful because this result was derived under the assumption that the
epipoles were normalized, and only holds under that assumption. Thus, it may be generalized
to

T

T

0 = (||e0 ||2 I − e0 e0 )Ti (e00 e00 − ||e00 ||2 I).

(4.65)

Because (4.65) is a 3 × 3 matrix equation which holds for each choice of i = 1 . . . 3, it
provides a total of 27 constraints that must be satisfied by T in order to remain consistent
with our definitions. We will first explain our findings pertaining to the independence of these
constraints.
To begin with, we denote the individual constraint equations arising from the matrix equation (4.65) as Cijk , ijk ∈ {1, 2, 3} corresponding to the (j, k)th equality using Ti . Our first
finding is that these constraints are not trivially satisfied, and that they are independent from
the rank and epipolar constraints. Secondly, constraints on Ti are independent from constraints
on Tj for i 6= j. Thus, from the counting argument, it can be inferred that if any constraint Cijk
is satisfied, then Cijk ∀jk are satisfied. These two findings are written formally as
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det U = 0 ∧







jk
∀ijk
 det V = 0 ∧  ; Ci = 0
det Ti = 0 ∀i




Cijk = 0 ⇒ Cijk = 0 ∀jk
∀i,

(4.66)

(4.67)

Therefore, one choice of the final three independent constraints may be taken as Ci22 ∀i.
Assuming the epipoles have been normalized, Ci22 expands to
2

e01 e02 e001 e002 Ti11 + e01 e02 (e002 − 1)Ti12 + e01 e02 e002 e003 Ti13 +
2

2

2

2

e001 e002 (e02 − 1)Ti21 + (1 − e002 )(1 − e02 )Ti22 + e002 e003 (e02 − 1)Ti23 +
2

e02 e03 e001 e002 Ti31 + e02 e03 (e002 − 1)Ti32 + e02 e03 e002 e003 Ti33 = 0,

(4.68)

i ∈ {1, 2, 3},

where the elements of the first epipole are denoted by e0 = (e01 , e02 , e03 )T , and similarly for e00 .
This brings us to the following theorem,
Theorem 1. Let T be any 3 × 3 × 3 tensor. T is a trifocal tensor iff the following 8 internal
constraints are satisfied:
• The three rank constraints of (4.35).
• The two epipolar constraints of (4.36-4.37).
• The three circular constraints of (4.68).
Proof. Our derivation of the circular constraints given in (4.65) shows that these 27 equalities
must be true for internal consistency, although we have not yet proven our claims in (4.66-4.67).
In other words, we have not yet proven that these equalities are not implied by the rank and
epipolar constraints, and that the subset in (4.68) are mutually independent.
If we assume that the circular constraints are dependent on the rank and/or epipolar constraints and then find a tensor that satisfies all the rank and epipolar constraints without
satisfying the circular constraints, then we have reached a contradiction. Thus, finding such a
tensor would prove that the circular constraints are, in general, independent from the rank and
epipolar constraints.
It is easy to find an unlimited number of counter-examples of this type by using our parameterization in Section 4.1.2.5.1 to generate a random tensor that satisfies all constraints except
for the circular constraint by simply omitting the last row from Ct . It can then be verified
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that the circular constraints are not satisfied. For example, we have used Maple with rational
arithmetic to find the following tensor:



T1 = 


T2 = 


T3 = 

357500/180469 200/251 475/251
1500/719

0

3

1700/719

2

1


(4.69)




2050000/961197 200/401 1100/401
8000/2397

1

4

1500/799

0

3

950000/480799 400/401 1100/401
2500/1199

0

5

4500/1199

4

1





(4.70)



.

(4.71)

It may be verified that the above tensor slices are rank 2 (rank constraints). Extracting
their null spaces and arranging them to form U and V, we obtain



−251/100 5/4 1


U =  −401/100

2




1 
−401/100 2 1


−719/500 6/5 1


V =  −799/500 4/3 1  .
−1199/500 2 1

(4.72)

(4.73)

Again, these matrices are exactly rank 2 (epipolar constraints). Extracting their null spaces
yields the epipoles,

e0 = (100, 200, 1)T

(4.74)

e00 = (−500, −600, 1)T .

(4.75)

Finally, we evaluate (4.65) and observe that none of the circular constraints are zero. For
brevity, we print only the values of the central constraints,
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C122 = −101022670792200/1834807869906823

(4.76)

C222

= −5236581973887/55211191885087

(4.77)

C322

= −14516209041800/698318420372419.

(4.78)

Thus, the tensor in (4.69-4.71) is not a valid trifocal tensor, and the circular constraints are
indeed independent from the rank and epipolar constraints.
Proving that the three central constraints are independent from one another is trivial
from the design of our algorithm for consistently parameterizing the tensor outlined in Section 4.1.2.5.1. Specifically, one notices that once U and V have been calculated, there are
no further dependencies between the Ti matrices. Thus, it is not possible for Ci22 to have any
dependency on Cj22 for i 6= j.
Having proven that Ci22 ∀i are mutually independent, and also independent from the rank
and epipolar constraints, it can be seen from the counting argument that all degrees of freedom
of the tensor have been accounted for. This proves our claim in (4.67). Indeed, if the circular
constraint is added back into Ct in this example, then it can be verified that all of the constraints
in (4.65) are satisfied exactly.
To summarize, there are now four known sets of sufficient constraints that may be used to
define a trifocal tensor, two of which are minimal. In order of discovery, they are
1. 3 rank + 2 epipolar + 27 axes
2. 2 epipolar + 10 extended rank
3. (minimal) 8 generalized eigenvalue
4. (minimal) 3 rank + 2 epipolar + 3 circular.
The newly found circular constraints were derived by a circular substituion; from the definition of the tensor, the general form for camera matrices was calculated and then substituted
back into the definition of the tensor. This resulted in constraint equations that were nontrivially satisfied only because of the existence of rank 1 outer product matrices that prevented the
equation from being simplified down to I = I.
Thus, the new constraints do not particularly represent any new geometrical restrictions,
but are simply another result of algebraic consistency required from the original constraint that
corresponding lines must back-project into planes that intersect in a common line in 3D space.
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4.1.2.5.1

Circular Parameterization

Having identified the final circular constraints, it becomes possible to directly solve for the
basis vectors of the components of a geometrically valid trifocal tensor, suggesting a mathematically elegant, although not necessarily practical, parameterization for the tensor by simply
using the coordinates in these bases.
Specifically, four parameters can be used to describe the inhomogeneous coordinates of the
epipoles e0 and e00 . The epipolar constraint demands that the null spaces of U and V be the
epipoles. Thus, if the elements of U are arranged into the column vector u, then it must satisfy

Cu u = 0,

(4.79)

where Cu is a 3 × 9 constraint matrix given by



e0 T


Cu =  0

0
e0 T

0

0

0




0 .
e0 T

(4.80)

The space of all u satisfying this constraint is given by finding a basis Bu for the null space
of Cu using Gauss-Jordan elimination. Because there are 9 parameters and 3 constraints, there
is a 6 dimensional basis for the null space. One must be careful, however, to avoid the singular
condition that arises if U has rank 1. This can be enforced by ensuring that each coordinate in
the basis is non-zero. Also, the overall scale is irrelevant, so the last coordinate can be assumed
equal to 1 and therefore U can be represented with 5 parameters (and similarly for V).
The rank constraint demands that the left and right null spaces of each Ti are defined by ui
and vi . This provides six constraints on each Ti . A seventh constraint is given by the circular
constraint Ci22 , and once again, the space of matrices satisfying these constraints is described
by a basis for the null space of the constraint matrix.
To be precise, if the desired left and right null spaces of the slice Ti are ui = (u1 , u2 , u3 )T
and vi = (v1 , v2 , v3 )T , then the 7 × 9 constraint matrix is
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u1

0

0

u2

0

0

u3

0

0







Ct = 






0

u1

0

0

u2

0

0

u3

0

0

u1

0

0

u2

0

0

v1

v2

v3

0

0

0

0

0

0

0

0

v1

v2

v3

0

0

0

0

0

0

0

0

v1

v2

a

b

c

d

e

f

g

h


0 

u3 


0 ,

0 


v3 
i

(4.81)

where a, b, c, . . . , i are the coefficients of (4.68).
Although there are 7 constraints, there is a linear dependency between the first 6 so the
dimension of the null space is 3. The first slice T1 can be represented with 2 parameters due
to the overall scale ambiguity, but the remaining two slices require 3 parameters because they
cannot be scaled independently. Thus, a total of 22 parameters are used to represent the tensor
under this parameterization.
We now describe the reverse mapping for representing a given tensor in this parameterization. First, the epipoles are computed from the null spaces as shown in (4.17-4.20). If the
tensor is not perfectly consistent, these null spaces may not exist so they should be extracted
using the right singular vector, which provides a least squares estimate of a basis for the null
space.
Once the epipoles have been found, the first four parameters are given by their inhomogeneous coordinates. Then the constraint matrix Cu can be formed and the basis Bu can be
found. The coordinates pu of U with respect to this basis may be found by solving a linear
least squares system,

Bu pu = u.

(4.82)

After solving for pu it should be normalized such that the last coordinate is equal to 1 in
order to reduce the parameterization. The same process can be used to obtain the coordinates
for V, as well as each slice Ti of the tensor.
4.1.2.6

Polynomial Constraint Form

The rank, extended rank, and axes constraints are all formulated as polynomials on the tensor
elements already. The epipolar constraints can also be written as polynomials on the tensor
elements by expressing the null vectors ui and vi in terms of the tensor elements.
A basis for the null space of any n × n matrix having rank n − 1 can be computed in closed
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form by eliminating a row or column and taking (n − 1) × (n − 1) sub-determinants. Once the
null spaces are known, it is straightforward to plug these into the rule of Sarrus. Because each
element of U and V is quadratic in the tensor elements, and the determinant of a 3 × 3 is cubic
in the elements, the epipolar constraints are therefore 5th degree.
However, it is often forgotten that it is necessary to eliminate a row or column that is linearly
dependent on another row or column; otherwise, a zero vector will be extracted rather than a
basis for the null space. Replacing any ui with a zero vector only means that det U = 0 will
be trivially satisfied. Thus, the particular polynomial that must be enforced by the 2 epipolar
constraints must be chosen after identifying which rows are linearly independent.
Alternatively, the epipolar constraints could be translated into a larger set of equivalent
polynomial constraints by considering all rank 2 possibilities of the Ti matrices. In particular,
since only two of the three rows or columns will be linearly independent, it would be necessary
to consider two possibilities for each Ti . This leads to 23 possible choices for each of e0 and e00 ,
so the 2 epipolar constraints can be represented by 16 fixed polynomial constraints.
The elements of e0 and e00 can be extracted in closed form using the same techniques,
and their elements will be 4th degree polynomials because they are constructed from 2 × 2
determinants of a matrix having quadratic elements. Examining (4.68), the order of the circular
constraints is therefore 4 + 4 + 4 + 4 + 1 = 17.
The circular constraints are only trivially satisfied if both e0 and e00 are zero vectors, so an
incorrect choice about which rows or columns of Ti are linearly independent would make the
constraints in (4.68) appear to be violated, when they might actually be satisfied. Thus, it does
not appear to be possible to enforce them as a set of fixed polynomials. However, the extended
rank or axes constraints could be used instead to make a sufficient set of fixed polynomials, if
that were desired for some reason.

4.2

Initial Tensor Estimation Algorithms

In this section we will review some of the known methods for estimating the trifocal tensor
directly (i.e., without using nonlinear methods). In section Section 4.2.1 we describe the minimal
algorithm for estimating a tensor from 6 points, in section Section 4.2.2 we describe the basic
linear approach to estimating a tensor from 7 or more points (with several variations), and in
Section 4.2.3 we mention some other algorithms for estimating the trifocal tensor and explain
why we did not consider them in our evaluation.

4.2.1

Minimal Solution

It has been shown that any projective reconstruction algorithm that works on n views of m + 4
points can be transformed into a dual algorithm for doing a projective reconstruction from
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m views and n + 4 points [Carlsson and Weinshall, 1998]. This observation is known as the
Carlsson-Weinshall duality.
Thus, the relatively straightforward minimal reconstruction algorithm for 7 points in 2
views [Hartley and Zisserman, 2004, sec. 11.1.2] may be used to compute the dual problem
of a minimal reconstruction from 6 points in 3 views [Quan, 1995; Carlsson and Weinshall,
1998; Hartley and Debunne, 1998; Hartley and Dano, 2000]. This is the basic idea behind the
minimal approach, although some further tweaking is possible. The specific algorithm we use
is given in [Hartley and Zisserman, 2004, alg 20.1], which we summarize below (with two minor
improvements).
We denote the 3 unknown camera matrices as Pj , j = 1 . . . 3, the 6 unknown structure
points as Xi , i = 1 . . . 6, and the image of the ith point in the jth view as xji . Therefore, the
projection constraints are written as

xji ∝ Pj Xi

∀i, j.

(4.83)

In the dual algorithm, it will be necessary to use the image measurements as basis vectors,
but the method only works if one chooses a set of 4 points, no 3 of which are collinear in any
of the views.
Rather than simply verifying that the selection is not collinear (within a threshold), we
take this a step beyond [Hartley and Zisserman, 2004, alg 20.1] by enumerating all 15 possible
ways to pick the 4 points. For each way, we consider the 4 ways to pick a triangle out of the
4 points in each of the 3 views, and pick the set of 4 points so as to maximize the area of the
triangle with minimal area in any view (our first improvement). Choosing the points in this
way increases the stability of the remainder of the algorithm by ensuring that the points are as
far from collinear as possible.
Using the fact that the area of a triangle is given by the determinant of the matrix constructed of homogeneous corner points as rows or columns, this maximization can be written
as


j j j



 [xa |xb |xc ] ,
max min
∀a,b,c,d 
 ∀j 
 [xja |xj |xjc ] ,
d


[xja |xjb |xjd ] , 


[xjd |xjb |xjc ]

,

(4.84)





where {a, b, c, d} is some combination of indices selected from {1, . . . , 6}. Alternatively, one
could maximize the residual error to the least squares line (the result would be much the same).
In the remaining steps, for notational convenience we assume that the points are ordered such
that the selected 4 come first.
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The second step is to find projective transforms Tj for each view j = 1 . . . 3 that transform
the first 4 points in that view to a canonical basis for the projective space P2 . In other words,

Tj xji = ei ,

i = 1 . . . 4,

(4.85)

where ei for i = 1 . . . 3 are the standard basis vectors of R3 and e4 = (1, 1, 1)T . These Tj
matrices can be calculated in closed form, as shown in [Quan, 1995]. Then, by the CarlssonWeinshall duality [Carlsson and Weinshall, 1998], correspondences in the dual problem are given
by

x̂j ↔ x̂0j ,

j = 1 . . . 3,

(4.86)

where

x̂j = Tj xj5

(4.87)

x̂0j = Tj xj6 .

(4.88)

In the dual problem, there are 4 implicit correspondences given by ei ↔ ei for i = 1 . . . 4.
The constraints eT
i F̂ei = 0 for i = 1 . . . 3 imply that the diagonal elements of F̂ are zero, and
the constraint eT
4 F̂e4 = 0 means that the sum of the elements of F̂ is zero. Thus, the dual
fundamental matrix can be parameterized as



0

p


F̂ =  r

0

q




s .
t −(p + q + r + s + t) 0

(4.89)

From the additional dual correspondences in (4.86), 3 linear constraints are imposed on the
0
entries p, q, r, s, t using x̂T
j F̂x̂j = 0. This leaves a 2-dimensional basis for the null space, but

due to the overall scale ambiguity, there is just 1 degree of freedom remaining. Thus, we can
write

F̂ = λF̂1 + F̂2 ,

(4.90)

where F̂1 and F̂2 are solutions corresponding to the null space basis vectors. The free parameter
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λ is then determined using the the internal constraint that det F̂ = 0, a cubic equation for which
there are 1 or 3 real solutions (complex/imaginary solutions can be ignored).
The next step is to retrieve a pair of reduced camera matrices compatible with the dual
fundamental matrix. It is not known how these cameras might be formed directly from (4.89),
but there is an alternative parameterization for the reduced fundamental matrix for which the
answer is known. Specifically, if the reduced fundamental matrix is given by



b(d − c)

0


F̂ =  −a(d − c)
a(d − b)

−c(d − b)

0
−b(d − a)




c(d − a)  ,
0

(4.91)

then a corresponding pair of reduced camera matrices is given by



1 0 0 1





a 0 0 d





P0 =  0 b 0 d  .
0 0 c d



P =  0 1 0 1 ,
0 0 1 1

(4.92)

The question is then how to determine a, b, c, d in (4.91) from p, q, r, s, t in (4.89). It turns
out that this can be solved linearly. Three linearly independent constraints are provided by



p r 0



a




 
 q 0 t   b  = 0,
0 s l
c

(4.93)

and 3 more constraints (2 of which are linearly independent) are provided by



0

p


(d − a, d − b, d − c)  r

0

q




s  = 0.
t −(p + q + r + s + t) 0

(4.94)

These 6 constraints admit a least squares solution for a, b, c, d to be computed from p, q, r, s, t.
Finally, back in the original measurement domain, the structure of the reconstruction is given
by the dual of the dual reconstruction,
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Xi = E i ,

i = 1...4

(4.95)

T

(4.96)

T

(4.97)

X5 = (1, 1, 1, 1)

X6 = (a, b, c, d) ,

where Ei are the standard basis vectors of R4 . The camera matrices Pj can be computed in
the original measurement domain by resectioning [Hartley and Zisserman, 2004, sec. 7.1], using
the original measurements xji and the reconstructed structure Xi .
Because there may be up to 3 real solutions to (4.90) (only one of which is correct), it is
recommended in [Hartley and Zisserman, 2004, alg 16.4] to make the function for computing
the tensor output 3 possible results, all of which must then be tested within the RANSAC
framework. We find this solution undesirable because it not only results in three times as much
wasted computation, but also makes the output of the function ’messy.’
We have noticed that the initial search for triplet correspondences typically involves computing the fundamental matrix between the first two views, F21 , to rule out bad matches that
do not need to be searched for in the 3rd view. Therefore, we pass F21 into the minimal triplet
routine and use it to select the correct solution which has the same fundamental matrix when
there are 3 unique solutions (our second improvement).

4.2.2

Linear Algorithm

The following algorithm is from Hartley [1995], using the principles first developed in Shashua
and Werman [1995]. A correspondence of three points x ↔ x0 ↔ x00 that are the images of one
structure point X in each of the respective views gives rise to 9 linear constraints on T . These
constraints are not easily written in matrix notation, but can be expressed in tensor notation
as

xi (x0j jpr )(x00k kqs )Tipq = 0rs ,

(4.98)

where  is the Levi-Civita symbol, xi are the elements of x, and a similar notation is used to
denote the elements of x0 and x00 . Only 4 of the 9 equations represented by (4.98) are linearly
independent, so it is not necessary to use all of them. One choice of 4 linearly independent
equations is given, after simplification, by

xk (x0i x00l Tk33 − x00l Tki3 − x0i Tk3l + Tkil ) = 0,
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∀i, l ∈ {1, 2}.

(4.99)

These equations can be arranged into a homogeneous linear system,

At = 0,

(4.100)

where t is a vector containing the elements of T , and A is a constraint matrix containing 27
or more linearly independent rows. A least squares solution is obtained by minimizing ||At||
subject to ||t|| = 1, which can be accomplished using SVD [Hartley and Zisserman, 2004, alg
A5.4].
There are primarily two limitations of this direct solution. First, none of the 8 internal
constraints are enforced, so the tensor is not a consistent representation of any geometrical
configuration. Second, the algebraic error that is minimized by SVD has no particular geometric
meaning.
Because the error minimized by the linear solution has no particular geometric meaning, it is
not surprising that the solution is not invariant to a scaling or translation of the image points.
It has been noticed that normalizing the correspondence data generally leads to improved
estimation accuracy [Hartley, 1998a; Hartley and Dano, 2000].
That is, instead of estimating Pi directly in x = Pi X, it is recommended to replace x by
x̃ = Hi x, where Hi is a 3 × 3 translation-scaling matrix constructed such that the distribution
√
of points x̃ in the ith image is centered around (0, 0) and has a standard deviation of 2. Thus,
one actually estimates P̃i = Hi Pi , and then maps the result back to Pi = H−1
i P̃i .
4.2.2.1

Choosing Equations

In constructing the constraint matrix A, there are a few different approaches that could be used.
One option is to select only 4 of the 9 equations which are linearly independent, as in (4.99),
for improved performance. However, it has been suggested that using all 9 constraints in (4.98)
might give better results [Hartley, 1995]. A theoretical argument for using all 9 constraints was
given in [Hartley and Zisserman, 2004, sec 17.7], where it was noted that the condition of the
full set of equations is better, and therefore using all equations might help to avoid difficulties
in near singular situations.
A third option is to translate the point-point-point correspondences into point-line-line
correspondences [Hartley and Zisserman, 2004, sec. 17.7]. Given a correspondence between a
point x in the first view, which is known to lie on a line l0 = (l10 , l20 , l30 )T in the second view and
l00 = (l100 , l200 , l300 )T in the third view, then there is one constraint on the tensor given by

xi lq0 lr00 Tiqr = 0.
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(4.101)

For each point-point-point correspondence, it is easy to generate 4 linearly independent
point-line-line correspondences in the following manner: let l01 and l02 be two lines passing
through x0 , and l001 and l002 be two lines passing through x00 . Then, the 4 constraints are given
by

xi lq0j lr00k Tiqr = 0,

∀j, k ∈ {1, 2}.

(4.102)

If l01 and l02 are orthonormal, and l001 and l002 are orthonormal, then the resulting constraint
matrix will have the same SVD as if all 9 point-point-point constraints had been used, and
therefore give the same solution for lower computational cost.
It was suggested to find these orthonormal lines using Householder matrices, but we note
that it is simpler to just use the horizontal and vertical lines passing through the point. Given
a point (x, y, 1)T in the image, the vectors representing these lines are given by

(1, 0, −x)T
lh = √
1 + x2
4.2.2.2

(0, 1, −y)T
lv = p
.
1 + y2

(4.103)

Enforcing Internal Constraints

A reconstruction from projection constraints alone is, at best, ambiguous up to an arbitrary
projective transform having 15 degrees of freedom (dof) in homogeneous space. Each projection
matrix has 11 dof, so there are 11m − 15 dof to the projective geometry representing any configuration of m views [Hartley and Zisserman, 2004, sec. 17.5]. Thus, the projective geometry
of 3 views has 18 dof.
The tensor is a homogeneous entity with 27 elements, so it has 26 dof, and this means that
a geometrically consistent trifocal tensor must satisfy 26 − 18 = 8 independent algebraic constraints. These constraints are implicitly enforced by the minimal estimation algorithm (Section
4.2.1), but cannot be directly enforced in the linear method (4.100). However, when mapping
the tensor into projection matrices for general use with the algorithm of Section 4.1.1, one
naturally obtains a geometrically consistent representation because projection matrices have no
internal constraints. The problem with this passive approach to constraint enforcement is that
the estimation is adjusted to satisfy internal consistency without regard to the image correspondence constraints, and this could potentially result in a very large increase in reprojection
error.
A better solution is to reestimate a consistent tensor in a second linear step by holding some
aspects from the original estimation fixed. We refer to these as quasi-linear methods. The first
such method was given in Hartley [1995], where it was pointed out that if a4 and b4 from (4.13)
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are known, then the tensor may be expressed linearly in terms of the remaining elements of the
projection matrices. Specifically, one can write

t = Ea,

(4.104)

where a contains all the elements of ai , bi ∀i ∈ {1, 2, 3}, and E is a constraint matrix based
on the known a4 and b4 . From (4.26-4.34) it can be seen that, without loss of generality, one
can choose a4 = e0 and b4 = e00 , which can be extracted from the initial linear estimate using
(4.19-4.20). Plugging (4.104) into (4.100), one obtains

AEa = 0.

(4.105)

Thus, the initial problem (4.100) of minimizing ||At|| subject to ||t|| = 1 is analogous to
minimizing ||AEa|| subject to ||Ea|| = 1, but the latter guarantees a geometrically consistent
result.
Because this is not in the traditional form that can be easily solved by taking the right
singular vector of AE, and the ||Ea|| = 1 constraint has no geometrical significance beyond
preventing the trivial solution of a = 0, one might instead minimize ||AEa|| subject to ||a|| = 1.
However, because E is not full rank, the solution vector would not be uniquely determined. In
order to ensure a unique solution, it was suggested to use additional constraints of

ai · a4 = 0 i ∈ {1, 2, 3},

(4.106)

which it was shown can be imposed without loss of generality. These additional constraints can
be written as a system of linear equations by constructing an appropriate matrix C in

Ca = 0,

(4.107)

and the minimization of ||AEa|| subject to ||a|| = 1 and Ca = 0 can be performed linearly
using [Hartley and Zisserman, 2004, alg A5.5].
It is not obvious if the addition of these latter constraints would actually be beneficial
because the non-unique solutions would still be equivalent under the projective ambiguity, and
the potential downside is that the degree to which the real trilinear constraints are violated
must be increased in order to reduce the error on these artificial constraints.
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Shortly thereafter in Hartley [1998a], it was shown that the problem of minimizing ||AEa||
subject to ||Ea|| = 1 could be solved directly ([Hartley and Zisserman, 2004, alg A5.6]), and
this has become Hartley’s recommended method in Hartley and Zisserman [2004, alg 16.2].
To summarize, there are three interesting quasi-linear methods that may have similar performance, and we put all three variations to the test in our empirical comparison:

4.2.3

min ||AEa|| subject to ||a|| = 1

(4.108)

min ||AEa|| subject to ||a|| = 1 and Ca = 0

(4.109)

min ||AEa|| subject to ||Ea|| = 1.

(4.110)

Algorithms not Considered

There exist a number of iterative algorithms for estimating the trifocal tensor, such as using the
Sampson approximation [Hartley and Zisserman, 2004, sec 16.4.3] (first used for conic fitting by
Sampson in [Sampson, 1982]), iterative adjustment of the epipoles [Hartley and Zisserman, 2004,
sec 16.3], iterative adjustment of the image points [Torr and Zisserman, 1997], the nonlinear
algorithm from [Faugeras and Keriven, 1998], or nonlinear enforcement of internal constraints
[Hartley, 1998a]. We do not consider these nonlinear algorithms because they all require an
initial estimate (e.g., found by the linear method), and once an initial geometrically valid
tensor has been found, it can be converted into camera matrices without loss of information
and then bundle adjustment is the maximum likelihood nonlinear improvement. Therefore, we
concentrate our search only on finding the best geometrically consistent initialization.
We do not consider parameterizations of the linear algorithm using reduced affine coordinates such as [Heyden, 1998] because none of the error is distributed onto the estimation in the
first view, and this will necessarily yield inferior results in comparison to a solution that evenly
distributes the error across all views.
We do not consider the linear Factorization method [Tomasi and Kanade, 1992] (or its
variations), because it assumes orthographic projection which is a crude approximation to perspective projection. Although there exist nonlinear methods to correct for perspective effects,
such as in [Christy and Horaud, 1996], the initial orthographic solution might not be in the
basin of attraction of the perspective correct solution. Therefore, it is an inferior approach to
the linear algorithm which properly accounts for perspective in the initial solution.
Finally, we do not consider globally optimal approaches to estimate the trifocal tensor
using branch and bound [Hartley and Kahl, 2009] because the exponential time complexity
of this approach admittedly makes it impractical for general use, much less integration into a
framework requiring many repeated evaluations such as RANSAC.
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4.3

Robust Estimation with RANSAC

In practice, a correspondence set will usually contain some mismatches (outliers) that would
be inconsistent with the true reconstruction. A robust procedure for dealing with outliers in
any model fitting problem is RANSAC [Fischler and Bolles, 1981], and is often applied to
computation of the trifocal tensor, as in Torr and Zisserman [1997]. There have been many
improvements to the original RANSAC algorithm (see Raguram et al. [2008] for a more modern
survey) but we mention only the basic algorithm here for simplicity.
The objective of RANSAC is to find the largest sample consensus; i.e., to find the model
that is consistent with the largest subset of the data. This is achieved by picking many random
subsets, creating an initial reconstruction from each subset, classifying inliers according to a
threshold, and storing the model with the largest set of inliers that was found.
The usual way to choose the number of trials needed is by a probabilistic argument [Fischler
and Bolles, 1981]: if the size of each random subset is s and the percent of inliers is p, then the
probability of picking a subset of all inliers is ps . If, after n trials, no trial subset has contained
all inliers, then the overall result is failure. Thus, the probability of failure f is given by

f = (1 − ps )n .

(4.111)

Rearranging, one can solve for the minimum number of trials needed to meet any given
probability of failure,

f = (1 − ps )n

(4.112)

n = log(1−ps ) f =

log f
.
log(1 − ps )

(4.113)

Although p is not usually known in advance, it can be increased adaptively whenever a
new larger sample consensus is found until the termination condition is exceeded [Torr and
Zisserman, 1997].

4.4

Experimental Results

We start by trying to find the best variation of the linear algorithm by comparing the different
ways to enforce internal constraints and represent the trilinear constraints (Section 4.4.1). Once
we have identified the best linear variation, we compare the minimal 6 point algorithm to the
best linear variation with 7 points in terms of accuracy and runtime performance (Section
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4.4.2). Lastly, we investigate the effect of the number of points used (either 6 for the minimal
algorithm ,or 7+ with the linear method) on the overall performance on RANSAC (Section
4.4.3).
In most of our tests we have used synthetic data where the levels of noise can be precisely
controlled to more accurately investigate the dependence on noise. We generate synthetic
correspondences from uniformly distributed 3D structure points in a [−50, 50]3 volume imaged
by camera views on a circle having random radius uniformly distributed in the range (200, 1000).
Each camera has a 45◦ field of view with principal point in the center of the image, and the
separation between each camera on the circle is uniformly distributed in the range of (0.01, 5)
degrees. Correspondences are generated by projecting the structure points into each image
plane and adding uniformly distributed random noise in the range (−ε, ε) pixels, for a noise
level of ε.

4.4.1

Best Linear Variation

We start by comparing the three methods of quasi-linear reestimation to enforce internal constraints. We first plotted the median of the mean reprojection error from 1000 repetitions as a
function of noise (Fig. 4.2a). Note that we have only considered ε < 1, because generally the
precision of a correspondence finder is limited by the image discretization. However, we also
note that effective noise is relative to object distance.
Our results indicate that (4.108) actually increased the error in comparison to the passive
method (Section 4.1.1), whereas minimizing either (4.109) or (4.110) reduced the error by
roughly 50%, with no noticeable difference between the two. However, we observed some
sensitivities when minimizing (4.110), and a plot of reconstruction error as a function of the
SVD precision tolerance (Fig. 4.2b), with the noise level fixed at ε = 0.5, shows that in fact
(4.110) is a much less stable algorithm. Specifically, (4.110) demands a precision of at least
1 × 10−15 to give good results, whereas (4.109) was insensitive to the SVD precision, requiring
fewer iterations for the same accuracy. We therefore conclude that (4.109) is the superior way
to enforce internal constraints, despite it being an older and lesser known method.
Next, we considered the various methods for representing trilinear constraints described in
Section 4.2.2.1. These methods were tested on configurations of 100 structure points using the
7 point linear method. We measured the reprojection error for the 7 fitted points (Fig. 4.3,
left), as well as the remaining 93 points (Fig. 4.3, middle) by looking at the residual errors
from maximum likelihood triangulation. As before, we plotted the median results over 1000
trials for each level of noise.
From previous theoretical arguments (Section 4.2.2.1), one would expect to see equivalent
results using either all 9 point-point-point constraints (9ppp) or the 4 point-line-line constraints
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Recomputation with Internal Constraints

Recomputation with Internal Constraints
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Figure 4.2. Comparison of methods for enforcing internal constraints in the linear algorithm by quasi-linear
reestimation. The minimization of ||At|| s.t. ||t|| = 1 is the basic linear algorithm, and constraint enforcement
is done passively when mapping back to projection matrices (Section 4.1.1); the minimization of ||AEa|| s.t.
||a|| = 1 and Ca = 0 ((4.109)) is the quasi-linear re-estimation method from Hartley [1995]; the minimization of
||AEa|| s.t. ||a|| = 1 ((4.108)) investigates the necessity of the Ca = 0 constraint; the minimization of ||AEa||
s.t. ||Ea|| = 1 ((4.110)) is the method from Hartley [1998a]. (a) the mean reprojection error for each estimation
method is shown as a function of correspondence noise, with the median over 1000 trials is plotted. (b) although
the difference between (4.109) and (4.110) is imperceptible from (a), the error as a function of the SVD precision
tolerance, with ε = 0.5, shows that (4.110) is much less stable and requires more iterations for a reliable result.
This plot is also the median over 1000 trials.
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Figure 4.3. Effect of choosing different linear constraints in using the 7 point linear algorithm. Data sets
were generated from 100 points. Left: mean reprojection error for the fitted data (first 7 points). Plot shows
the median over 1000 trials. Middle: mean reprojection error for the testing data set (remaining 93 points),
determined by triangulation minimizing the L2 -norm of reprojection errors. Plot shows the median over 1000
trials. Right: comparison between empirical PDF of mean reprojection error on the fitted data for each method,
determined from 100,000 trials. Correspondence noise was set to ε = 0.5.

(4pll), and slightly worse results using just the 4 linearly independent point-point-point constraints (4ppp). However, our results showed no significant difference in median performance.
In order to see if there was a difference in worst-case performance, we also analyzed the histogram of performance from 100,000 random configurations (Fig. 4.3, right). Surprisingly, the
distribution of performance appears exactly identical. Therefore, we conclude that there is no
justification for using the more computationally expensive 9ppp method, and there is also no
need to complexify the implementation by translating the point-point-point constraints into
point-line-line constraints; in other words, we conclude that it is best to simply use the four
linearly independent point-point-point constraints (4ppp).

4.4.2

Minimal vs. Linear

Having identified the best linear variation, we are now prepared to compare the performance of
the linear method to the minimal 6 point method. This was done by generating configurations
of 100 points and then reconstructing from a subset of 6 points using the minimal method or 7
points using the linear method.
We first plot the median of the mean reprojection error on the fitted data (Fig. 4.4, left)
as an indicator of precision. Because the minimal 6 point method is an exact solution it is
expected to have zero error, and this is confirmed in the plot. We measured actual error on the
order of 1 × 10−12 which is due only to limited numerical precision. The linear algorithm has
non-zero error that increases with noise because it is over-determined, and the fact that the
reconstruction error remains proportional to and slightly less than the noise indicates that it is
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Figure 4.4. Comparison between minimal 6 point algorithm and best-performing variation of the linear 7 point
algorithm. The left panel shows errors on the fitted data, indicating the level of precision. The middle panel
shows reprojection errors after triangulation on the 100 testing correspondences, indicating the accuracy of the
reconstruction. The right panel shows the result of finalizing with bundle adjustment on all available data.

capable of fitting the data well.
A second graph showing the median of the mean reprojection error for additional testing
correspondences after maximum likelihood triangulation (Fig. 4.4, middle) shows how accurate
the reconstruction actually was; here we see that the minimal 6 point algorithm, while precise,
is much less accurate because it does not fit the testing points nearly as well as the linear
algorithm for any non-zero level of noise. This is in contrast to previous results that did not
use the quasi-linear enhancements [Torr, 1995; Torr and Zisserman, 1997], where the minimal
algorithm was found to be superior.
A third graph shows the median of the mean error on all available data after bundle adjustment, which shows that even though the minimal initialization was worse, both methods are
usually in the basin of attraction of the global minimum.
Runtime performance between the minimal 6 point method and the linear with 7 or more
points was compared with a plot of the mean reconstruction runtime for 1000 random configurations (Fig. 4.5). We observed that the linear method exhibits O(n) performance, at least
when n (the number of points) was less than 80, despite the fact that the computational cost of
SVD is O(n3 ). A linear regression gives shows that the performance of our implementation of
the n-point linear method is about 0.096125n + 0.503315 microseconds on the testing machine
(Intel Core i7 920), compared to 0.124317 microseconds for the 6 point minimal method. In
other words, the minimal algorithm is significantly faster, but the linear algorithm is still quite
fast for practical purposes.

64

9
Mean runtime
Linear regression

8

y = 0.096125n + 0.503315
7

Runtime (µs)

6
5
4
3
2
1
0
0

10

20

30
40
50
Number of points

60

70

80

Figure 4.5. Mean reconstruction runtime as a function of the number of points used. The minimal algorithm is
used for 6 points and the linear algorithm is used for 7 or more points.

It has been assumed that the minimal method will require the fewest iterations for RANSAC
convergence, and in addition we have shown that the minimal algorithm by itself is significantly
faster than the linear algorithm. However, we have speculated that the robustness to noise
gained by the over-determined nature of the linear algorithm may actually lead to superior
performance. We first investigated this by analyzing the size of the largest consensus size as
a function of RANSAC trials using each of the minimal, 7 point linear, and 15 point linear
algorithms on a random configuration (Fig. 4.6). The configuration consisted of 100 structure
points with 80% inliers. The experiment was repeated at three noise levels for ε = {0, 0.5, 1},
and the RANSAC inlier threshold was fixed at τ = 1.75. The most interesting observation from
these results is that, in the presence of noise, using a larger number of points allowed RANSAC
to converge to a larger final consensus size.

4.4.3

Subset size in RANSAC

As observed in Chum et al. [2003], the termination condition for RANSAC is based on the
assumption that an estimate from an uncontaminated sample will correctly classify all inliers,
which is not true in the presence of noise. Using non-minimal subsets to estimate the model
parameters improves robustness to noise and may therefore allow convergence to a larger final
consensus size in fewer iterations with greater reliability. One way to realize these gains is by
using the LO-RANSAC algorithm [Chum et al., 2003], and another alternative is to simply run
RANSAC with non-minimal subsets.
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Figure 4.6. Comparison of RANSAC convergence using the 6 point algorithm, and the best linear variation from
7 and 15 points. The data set contained 100 points, of which 20 were outliers( p = 0.8). The experiment is
repeated using correspondence noise levels of ε ∈ {0, 0.5, 1}. The inlier threshold was fixed at τ = 1.75 pixels.
The median size of the largest consensus set over 100 random data sets is plotted as a function of RANSAC
iterations.

The following experiments were designed to examine in detail the effect of varying subset
size in standard RANSAC. First, we looked at the accuracy of the linear method as a function
of the number of points n, for n = 7, . . . , 80, to see how many points are necessary before
one reaches diminishing returns in the accuracy of the reconstructed tensor. We fixed the
correspondence error level at ε = 0.5 and generate correspondences from configurations of 100
points.
Looking at the mean reprojection error on just the fitted data before and after bundle
adjustment (Fig. 4.7, left) indicates how close the linear estimate is to the maximum likelihood
estimate. We see that the maximum likelihood estimate is significantly better for n < 10 points,
but with about 15 or more points, the linear estimate is almost as good as a maximum likelihood
estimate. We also looked at how well the remaining data points fit with this model before and
after bundle adjusting using all data (Fig. 4.7, right). Here, we see also that a linear estimate
from 10-15 points is typically capable of fitting all the remaining points very well. Using more
points in the initial linear estimate causes an asymptotic convergence to the true configuration,
but the returns are diminishing.
The ideal number of points to use in RANSAC depends upon both the inlier fraction and
the noise distribution. To demonstrate this we define the RANSAC Rerformance Ratio (PR)
to be the total number of inliers divided by the total runtime. We then calculated the subset
sizes that empirically optimize the performance ratio over 100 courses of running RANSAC at
various combinations of noise and inlier percentages (Fig. 4.8). Inliers were corrupted with
normally distributed noise having σ at the specified level whereas outliers were corrupted with
noise having σ = 50 pixels. The inlier threshold was set automatically at max(0.5, 3σ) and
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Figure 4.7. Dependence of linear reconstruction quality on the number of points used (median over 200 trials).
The left panel shows reprojection errors on the fitted data, before and after bundle adjustment. The right
panel shows reprojection errors on all available data (from 100 points), where additional points are initialized by
triangulation, before and after bundle adjustment.

RANSAC was run until at least 95% of the inliers were found.
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Figure 4.8. Empirically optimal subset sizes that maximize the summed performance ratio of final consensus
sizes divided by total runtimes after running RANSAC 100 times. The minimal 6 point algorithm has a better
performance ratio when there is zero noise, but a linear algorithm using more points gives superior performance
when noise is introduced.
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In these synthetic tests, we see clearly that the minimal 6 point algorithm maximizes the
performance ratio only for zero noise. Even with an unrealistically low level of noise (σ0.1
pixels), the linear method has a better performance ratio. In general, as either the noise level or
the inlier fraction is increased, the benefits of using a larger subset size are increased. However,
we note that the noise is relative to scene configuration, and therefore this table should not be
used as a reference for choosing the subset size of real configurations based on the noise level
and inlier fraction.
In order to see what size performs best on real image data we generated correspondences by
automatically matching Harris [Harris and Stephens, 1988] corner points using the Normalized
Cross Correlation. For the Bookshelves scene (Fig. 4.9), we found a total of 1369 triplet
correspondences. We plotted the overall consensus size and runtime of RANSAC as a function
of the number of points (Fig. 4.9a), with the corresponding performance ratio plotted in (Fig.
4.9b). The best performance was found using the 8 point linear method. We obtained a final
consensus size of 1172/1369 points, and after bundle adjustment, the mean squared reprojection
error was reduced to 0.159661 pixels (relative to the 1148 × 764 images).
Our results on another real scene, the Desk scene, (Fig. 4.10), shows similar results; this
time we found a total of 1340 triplet correspondences. The overall consensus size and runtime of
RANSAC as a function of the number of points is plotted in Fig. 4.10a, with the corresponding
performance ratio plotted in (Fig. 4.10b). The best performance was again found using the 8
point linear method. We obtained a final consensus size of 1003/1340 points, and after bundle
adjustment, the mean squared reprojection error was reduced to 0.192335 pixels (relative to
the 1024 × 768 images).

4.5

Conclusions

We have introduced two small improvements to the minimal 6 point algorithm, one being a
method for selecting points that form a stable basis in order to ensure precise results, and the
other being a method for selecting the correct solution when there are 3 possible solutions.
We have also examined several variations of the linear algorithm in order to the determine
the most accurate and efficient variation. We have shown that an older, lesser used, method
of quasi-linear enforcement of the internal constraints actually performs best, and that there
appears to be no difference in performance between the various methods of trilinear constraint
representation, which leads us to believe that it is best to stick with the simplest and fastest
method.
Contrary to previous results, we show that the best variation of the 7-point linear method
is consistently more accurate than the minimal 6-point algorithm, and the linear estimate is
nearly a maximum likelihood estimate when estimated from more than 10 points. We also
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Figure 4.9. Example reconstruction using the trifocal tensor. The inlier threshold was automatically determined at 1.01605 pixels, and 1172 out of 1369 triplet correspondences were found as inliers. The mean squared
reprojection error is 0.159661 pixels (in comparison, the image size is 1148 × 764 pixels).
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Desk Scene - Performance Ratio

Desk Scene
1020

1500

1010

1400

1000

Runtime

Consensus size

980
970
960
950
940

Consensus size / Runtime

1300

990

1200
1100
1000
900
800

930

700

Consensus size
Runtime

920

600

910
5

10

15
20
Subset size

25

5

30

(a)

(c)

10

15
20
Subset size

25

30

(b)

(d)

(e)

Figure 4.10. Example reconstruction using the trifocal tensor. The inlier threshold was automatically determined at 1.09729 pixels, and 1003 out of 1340 triplet correspondences were found as inliers. The mean squared
reprojection error is 0.192335 pixels (in comparison, the image size is 1024 × 768 pixels).
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show that using larger subset size in RANSAC with the linear method allows a larger final
consensus size to be reached, and in a shorter overall runtime, despite the fact that runtime for
the minimal method by itself is substantially faster. Further research will be needed to compare
the efficiency tradeoffs with the LO-RANSAC approach [Chum et al., 2003].
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Chapter 5

Projective Merging
In the structure-from-motion (SfM) problem, the objective is to simultaneously compute a
reconstruction of 3D structure points and camera parameters from the motion parallax information encoded in a set of measured image correspondences. With uncalibrated cameras,
projective reconstruction is usually the first step, followed by autocalibration to yield a metric
reconstruction [Hartley and Zisserman, 2004, p.265].
A projective reconstruction satisfies projection constraints but makes no assumptions about
the camera intrinsic parameters, and is ambiguous up to a 4 × 4 projective ambiguity. This
ambiguity can theoretically be resolved by autocalibration, which imposes the prior knowledge
that real cameras do not produce skewed or stretched images [Pollefeys et al., 1998]. However,
autocalibration is not a well-posed problem; in general, there will not exist any 4×4 matrix that
causes the camera intrinsic constraints to be satisfied exactly. Most autocalibration algorithms
are very sensitive to reconstruction quality and will fail ungracefully when the initial projective
reconstruction is not sufficiently accurate. Thus, autocalibration should be delayed until the
projective reconstruction is as accurate as possible.
A commonly used technique for making a reconstruction that spans an arbitrary number of views is to compute many smaller independent reconstructions and then merge them
together in order to obtain a larger reconstruction [Fitzgibbon and Zisserman, 1998; Nister,
2001a; Farenzena et al., 2009; Frahm et al., 2010]. Most previous merging approaches have
derived merging constraints by using correspondences between structure points [Fitzgibbon
and Zisserman, 1998; Repko and Pollefeys, 2005; Farenzena et al., 2009; Frahm et al., 2010].
However, because Euclidean distance is not preserved under the projective ambiguity, this has
required autocalibration to be performed on each partial reconstruction prior to merging, which
is not only computationally expensive but also increases the risk of system failure due to the
instabilities of autocalibration.
In this chapter, we revisit a linear approach to merging that measures distance in image
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space, thereby avoiding the need for premature autocalibration and also reducing the sensitivity
to uncertainty in the structure points (Section 5.2.1). We show that although this approach
usually produces good results, it can be unstable for certain camera configurations, but using
the method symmetrically overcomes this problem (Section 5.3). Next, we propose a maximum
likelihood nonlinear improvement of the merging homography that is completely invariant to
the uncertainty in structure points (Section 5.4). We show how to robustly deal with outliers
using this approach (Section 5.5), as well as how to efficiently merge inter-frame correspondences
in order to strengthen the projective constraints for larger reconstructions while avoiding the
systematic accumulation of errors (Section 5.6).

5.1

Merging Homography

The perspective projection of a homogeneous structure point X ∈ P3 , as viewed by a camera
with 3 × 4 projection matrix P, is a homogeneous image point x ∈ P2 , given by
x ∝ PX.

(5.1)

b j in the left
Let the estimate of the projection matrix for the jth view be denoted by P
b 0 in the right reconstruction when it exists. Similarly,
reconstruction when it exists, and by P
j

b i , and by
the estimate of the ith structure point in the left reconstruction will be denoted by X
b 0 in the right reconstruction.
X
i
Because both the left and right reconstructions are approximately related to some ground
truth configuration by a 4 × 4 homography, there will also exist a 4 × 4 homography H that
approximately relates the right reconstruction to the left reconstruction,

bj ∝ P
b 0 H ∀j
P
j
b i ∝ H−1 X
b0
X
i

(5.2)
∀i.

(5.3)

The goal of projective merging is to find the best possible estimate of H. Once H is known,
all projection matrices and structure points in the right reconstruction can be placed into the
same projective reference frame as the left reconstruction using (5.2) and (5.3).

5.1.1

View Constraints

The homography H has 16 elements but just 15 degrees of freedom (dof) because it is a
homogeneous entity with arbitrary scale; similarly, each 3×4 projection matrix has 11 dof. Any
b j exists in the left reconstruction and P
b 0 exists in the right reconstruction
view j for which P
j
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is an overlapping view, and hence by (5.2), H is over-determined and can be estimated using
linear least squares from two or more overlapping views. However, we avoid this approach for
the following reasons:
1. Because there can only be one estimate for each projection matrix, any overlapping views
in the right reconstruction will be discarded when merging the right reconstruction into
b j will not be exactly equal to P
b 0 H, and
the left reconstruction (see Fig. 5.1). However, P
j

there is no guarantee on how similar they will be. Even a small change in one element of
a projection matrix can result in an arbitrarily large increase in the reprojection error of
a structure point, depending on where that point is in 3D space. Thus, the results could
be very unstable.
2. A least squares approach to merging using constraints from overlapping projection matrices would align them by minimizing the Frobenius norm. However, this is not a meaningful
quantification of error because it does not consider the location of structure points that
were used to estimate the projection matrix. Thus, the transformation that minimizes
the Frobenius norm does not even approximately attempt to minimize reprojection error
and this would magnify the effect of errors from (1).
3. Because overlapping views are discarded during a merge, it is computationally wasteful
to use more overlapping views than necessary. For example, the result of merging two
triplets with two overlapping views is only a net increase of one view in the merged
reconstruction.
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Figure 5.1. Example of projective merging with two views of overlap. The left reconstruction (blue) uses views
{1, 2, 3} and the right reconstruction (green) uses views {2, 3, 4}. In the first step, the right reconstruction is
merged into the projective frame of the left reconstruction using only view constraints. Notice that neither of the
projection matrices perfectly align. The two overlapping views (identified with red border) are discarded, causing
the relative pose between views {2, 3, 4} to be altered in a way that, depending on the location of structure points,
may result in an unbounded increase of reprojection errors.

If there are no overlapping views then merging is still possible using (5.3), if corresponding
structure points can somehow be identified. However, in order for a correspondence to exist
between structure points there must have been a point visible in at least two views of each
reconstruction (so that it could be triangulated), and if there are no overlapping views then
this means that the point must have been imaged in at least four views. This is undesirable
because it becomes exponentially more difficult to find reliable correspondences across more
views.
If there is a single view of overlap, then this leaves 15 − 11 = 4 dof remaining in the
estimation of H; thus, it is always possible to align the reconstructions so that one overlapping
view is exactly equal, and then there will be no additional increase in reprojection error when
this identical view is discarded during the merge. Furthermore, a correspondence of structure
points requires an image feature to be identified in just three views, as noted in Laveau [1996].
Thus, we consider single-view overlap to be the superior choice.
When there is a single view of overlap H can be parameterized so as to enforce (5.2) exactly
[Fitzgibbon and Zisserman, 1998]. Multiplying (5.2) by the pseudo-inverse, one obtains an
equation for H,
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b 0 +P
b j ∝ H.
P
j

(5.4)

However, there is actually a 4-parameter family of solutions defined by the choice of v in

b 0 +P
bj + C
b 0 vT ,
H(v) = P
j

(5.5)

b 0 is the null space (eg, center of projection) of P
b 0 . This can be easily verified by
where C
j
b 0 to yield
left-multiplying again by P
j

b 0 H(v) = P
bj + P
b0 C
b 0 vT ,
P
j
j

(5.6)

b0 C
b 0 = 0 by definition.
which is identical to (5.2) because P
j

5.2

Merging with Single-View Overlap

bi ↔ X
b 0 , the most obvious way to constrain
Given a set of corresponding structure points X
i
H(v) would be to use (5.3) directly by minimizing

X

b i, X
b 0 )2 ,
DE (H(v)X
i

(5.7)

i

where DE (a, b) is the inhomogeneous Euclidean distance. However, Euclidean distance is not
preserved under the projective ambiguity, and attempting to minimize Euclidean distance in a
projective space would be truly meaningless [Fitzgibbon and Zisserman, 1998].
As an example, two points might be measured as having a distance of 1 (with some arbitrary
units) in the projective space when in fact the actual distance between those points after metric
rectification should be ∞. Thus, in order to make the distance measurement in (5.7) meaningful,
it would be necessary to first autocalibrate the right reconstruction (or the left reconstruction
if H−1 is estimated instead).
A second complication is that the structure points in (5.7) are homogeneous, but the Euclidean distance is measured between inhomogeneous points which means that (5.7) will require
a nonlinear minimization. However, this is not a serious complication because a good initialization can be obtained linearly by minimizing algebraic (rather than Euclidean) distance, as
discussed in both Laveau [1996] and Fitzgibbon and Zisserman [1998].
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If both left and right reconstructions have been autocalibrated, then H should theoretically
be a similarity transform with 7 dof. The optimal estimation of a similarity transform between
two corresponding point sets, called the absolute orientation problem, can be performed linearly
[Horn et al., 1988; Umeyama, 1991; Matei and Meer, 1999], and this is perhaps the most
commonly used approach to merging (see Repko and Pollefeys [2005]; Farenzena et al. [2009];
Frahm et al. [2010]).
However, because autocalibration is not a very well posed problem that cannot be solved
perfectly (especially for smaller reconstructions), there is always some projective ambiguity
remaining which means that the alignment between two autocalibrated reconstructions is not
truly a similarity transformation.
Another problem that applies to merging in either projective or metric spaces is that structure points generally have a large degree of uncertainty, and this causes the constraints of (5.3)
to be poorly satisfied even for the best choice of H. The approach of Matei and Meer [1999]
partially deals with this problem by taking into account the approximate uncertainty of structure points in the absolute orientation problem; however, we prefer to overcome the root of this
problem.

5.2.1

Nister’s Linear Method

A more attractive solution is to measure distance in image space, because image space is already
a metric space. In other words, if x̃ji is the measured observation of Xi in view j, then one
could instead minimize

X

b 0 H(v)X
b i , x̃j )2 .
DE (P
j
i

(5.8)

i,j

Not only does (5.8) bypass the issue of measuring error in projective spaces, but for most
configurations it is fairly robust to structure points that have a large degree of uncertainty in
their depth, because re-projecting the structure point to measure distance on the image plane
largely cancels out the uncertainty as long as the views in the right reconstruction are relatively
close to the views in the left reconstruction.
Although there is no linear solution to (5.8), an algorithm was given in Nister [2001a, p. 65]
that minimizes a very similar problem linearly. Although it is not explicitly mentioned there,
that problem is

X

b 0 H(v)X
b i , x̂j )2 ,
DA (P
j
i

i,j
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(5.9)

where DA (a, b) is the inhomogeneous algebraic distance, and x̂ji is the closest point to x̃ji that
can be found by varying v. The details of this method are given below.
Let the index of the overlapping view be denoted by o. Then the epipolar line lji in the jth
view that contains the image of the ith point and the epipole of the oth view is given by

b0 P
b0 + b b
b0 b0
lji = P
j o Po Xi × Pj Co .

(5.10)

b 0 is the camera center
This may be verified as follows. To the right of the cross product, C
o
0
b
of the oth view in the right reconstruction, and projecting by Pj gives its epipole in the jth
b i , the ith point in the left reconstruction. We
view. On the left hand side, we start with X

b o to get the image of this point in the overlap view, then by P
b 0 + to back-project
multiply by P
o
b 0 to obtain an image in
this to a structure point in the right reconstruction, and finally by P
j

the jth view. The cross product of two points gives the line joining those points, so lji is the
desired epipolar line.
The closest point on this epipolar line to the measurement x̃ji is then given by

x̂ji = [lji ]× [x̃ji ]× Ω∗∞ lji ,

(5.11)

where Ω∗∞ = diag(1, 1, 0) is the absolute dual conic in a metric frame, and [x]× is the 3 × 3
skew-symmetric cross product matrix of x.
b i , the ith point in the left reconstruction, multiplying by H(v) should transform it
Taking X
b 0 gives its image in the jth view, which
into the right reconstruction, and then multiplying by P
j
should be x̂ji . This is a homogeneous equivalence constraint that implies a zero cross product,

b 0 H(v)X
bi
0 = x̂ji × P
j

(5.12)

b 0 (P
b 0 +P
bo + C
b 0 v T )X
bi
= [x̂ji ]× P
j
o
o
=

b0 P
b0 + b b
[x̂ji ]× P
j o Po X i

b0 C
b0 bT
+ [x̂ji ]× P
j o Xi v.

(5.13)
(5.14)

b0 C
b0 T
Rearranging and left-multiplying by ([x̂ji ]× P
j o ) , a single linear constraint on v is obtained,
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j
b0 C
b0 bT
b0 b0 + b b
[x̂ji ]× P
j o Xi v = −[x̂i ]× Pj Po Po Xi

b Tv =
X
i

b 0 TP
b 0 T [x̂j ]2 P
b0 b0 + b b
−C
o
j
i × j Po Po Xi
.
2
j
0
0
b
b
[x̂i ]× Pj Co

(5.15)
(5.16)

Thus, each correspondence between a structure point in the left reconstruction and an image
of that point in the right reconstruction in any view other than the overlapping view provides
a linear constraint. A total of at least four such constraints are needed to constrain H(v).

5.3

Symmetric Linear Merging

In most cases, Nister’s linear algorithm will work well. However, if the baselines between
all views in the left reconstruction are relatively small, then the structure points that are
chosen from the left reconstruction will have a large degree of uncertainty in their depth. If in
addition, the baselines between views in the right reconstruction are not all small, then this
large uncertainty in depth may cause the projection of those points into the right reconstruction
to be very inaccurate (see Fig. 5.2), and this can result in a failure to properly merge the
reconstructions.

C2

C1

C3
X

C4

C5
Figure 5.2. Example of a configuration that may result in unstable merge using Nister’s linear algorithm. The
b i , i = 1 . . . 5. The true location of a structure point X is also
true location of the five cameras are indicated by C
marked. The left reconstruction consists of views {1, 2, 3} and the right reconstruction consists of views {3, 4, 5}.
Because all views in the left reconstruction are relatively close together, there is a large degree of uncertainty in
the triangulation of any structure point X, indicated by the dotted red ellipse. As a result, the projection of this
triangulated point into the 5th view may be far from the measured image point, causing the merging constraint
to be bad and preventing the algorithm from identifying a good merging homography.
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In this case, one notices that structure points in the right reconstruction would have much
less uncertainty in their depth (because the baselines are not all small), and hence these points
could be merged into the left reconstruction and projected onto the image plane where they
would correctly match up with the measured image points.
In practice, a method of keyframe selection (see, for example Torr [2002]; Pollefeys et al.
[2002a]; Repko and Pollefeys [2005]; Beder and Steffen [2006]) should be used to ensure that
there is some sufficient baseline between each view. However, the fact remains that between
any two reconstructions that one wishes to merge, one of them will have wider baseline than
the other, and because Nister’s linear algorithm is asymmetric, the structure points that are
used for merging constraints should be chosen from the side that has wider baseline in order to
achieve the greatest accuracy.
It is possible (albeit messy) to derive constraints on v from structure points in the right
reconstruction corresponding to image points in the left reconstruction, and combining these
with the constraints from (5.16) would allow v to be estimated linearly from a set of symmetric
constraints. However, this type of symmetry would not actually be a good thing because the
constraints from one direction always have higher error, so a single symmetric estimation would
only be as good as the constraints of the lesser direction.
Therefore, our solution is to always apply the algorithm in the forward direction (as described in Section 5.2.1) as well as the reverse direction, and take the solution that results
in lower reprojection error. In the reverse direction we use structure points from the right
reconstruction corresponding to image points in the left reconstruction, and solve for H−1
parameterized by v0 ,

b +P
b 0 + Cv
b 0T,
H−1 (v0 ) = P
j
j

(5.17)

b is the null space of P
b j . Using the overlap view, and substituting (5.5) into (5.17), we
where C
can then compute v from v0 ,


−1
b 0 +P
bo + C
b 0 vT = P
b +P
b0 + C
b o v0 T
P
o
o
o o

−1
b 0 vT = P
b +P
b0
b 0T
b 0 +P
bo
C
−P
o
o o + Co v
o

−1
b 0 T 
C
o
b +P
b0 + C
b o v0 T
b 0 +P
bo .
vT =
P
−
P
o o
o
b 0 ||2
||C
o

(5.18)
(5.19)
(5.20)

This still allows us to merge the right reconstruction into the left reconstruction even when
using constraints from the reverse direction.
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5.4

Structure Invariant Maximum Likelihood Merging

Once the merging homography has been found, structure points can be retriangulated from
all views to obtain a point that is more accurate than the corresponding points previously
existing in the left or right partial reconstructions. Thus, the ideal merging homography should
seek to maximize the accuracy of the cameras without reference to the previously triangulated
structure points.
Although the symmetric modification improves the reliability of Nister’s linear method
to obtain a better initial estimate of H, it is still less than ideal; in particular, it attempts
to minimize distance between the projection of a structure point and an artificial point x̂ji
rather than the actual image measurement x̃ji , it minimizes an algebraic rather than Euclidean
distance, and most importantly it is not completely invariant to the uncertainty in previously
triangulated structure points.
Therefore, we seek the homography that would maximize the likelihood of the overall reconstruction after retriangulating all structure points from the merged camera matrices using a
maximum likelihood method. Assuming measurement noise is Gaussian, it is well known that
maximizing likelihood is equivalent to minimizing reprojection error [Hartley and Zisserman,
2004, p.102], and therefore the solution is given by
bM L = argmin
v
v

X

b M Li )2 ,
DE (x̃ji , Pj X

(5.21)

i,j

where Pj (v) are the merged projection matrices as a function of v,
(
Pj (v) =

b j,
P
j ∈ L,
0
b
Pj H(v), j ∈
/ L,

(5.22)

b M Li is the maximum likelihood triangulation of the ith structure point from all available
and X
image measurements x̃ji with respect to the merged cameras, Pj .
For points visible in just two views, we compute the maximum likelihood triangulation in
closed form as in Hartley and Sturm [1997]; for more than two views, we compute the maximum
likelihood triangulation by nonlinearly minimizing the sum of squared reprojection errors using
Levenberg-Marquardt [Marquardt, 1963] from the homogeneous linear initialization [Hartley
and Zisserman, 2004, p. 313]. In order to minimize (5.21) with respect to v, we initialize using
our symmetric linear correction to Nister’s method and then use Levenberg-Marquardt with
numerical differentiation.
It should be noted that even though (5.21) provides a maximum likelihood estimate of the
merging homography, no estimate of the merging homography will produce a maximum likelihood reconstruction. Therefore, we always follow up merging with bundle adjustment [Triggs
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et al., 2000; Lourakis and Argyros, 2004], the maximum likelihood nonlinear improvement of a
projective reconstruction.
Of course, one could skip (5.21) and proceed directly to bundle adjustment after using
the linear initialization. However, for a system of n points and m views projective bundle
adjustment has 12m + 3n parameters, and in a typical problem there may be hundreds of
thousands of free parameters, making bundle adjustment not only computationally expensive
but very susceptible to falling into local minima. Projection matrices in bundle adjustment are
almost always parameterized using an absolute coordinate system, and as a result a very small
error in the merging homography H could necessitate rather significant changes to half of the
views during the subsequent bundle adjustment. In contrast, H has only 15 dof, so it will be
more efficient and reliable to optimize H as much as possible prior to bundle adjustment.

5.5

Robustness to Outliers

Because the measurements x̃ji are obtained using a correspondence finding algorithm on images,
there are likely to be some mismatches that result in outliers with very large error. These outliers
violate the assumed Gaussian noise model, and it is therefore important to detect and ignore
these measurements in order to make a robust estimate of H using (5.21).
We use the RANSAC [Fischler and Bolles, 1981] paradigm to handle outliers, specifically
bi ↔ X
b 0,
MSAC [Torr and Zisserman, 2000]. From the set of structure point correspondences X
i

our objective is to find the largest sample consensus of correspondences that agree upon a
homography which can merge the partial reconstructions while keeping the reprojection error
of all retriangulated structure points Xi in (5.21) below some threshold τ .
This is done by picking random subsets from the set of correspondences and then minimizing (5.21) (initialized with the symmetric linear method) using only the selected subset
of correspondences. From this estimate of v we then enlarge the subset to include all inliers
and repeat within the RANSAC framework to find the largest sample consensus. Finally, we
iteratively re-minimize (5.21) and re-classify inliers until convergence.
In general, the minimum number of correspondences that must be used in a random sampling
is data dependent because the number of constraints that are provided by each correspondence
depends on the number of images that a structure point is viewed in. However, we do not aim
to use minimal subsets because a greater robustness to noise is achieved by using larger subsets.
When using triplet correspondences to span the overlap view, we use a subset size of 10 and
this results in 10 constraints on v, which we find provides a good balance between speed of
convergence and robustness to noise.
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5.6

Merging Correspondences

After merging two partial reconstructions into a larger reconstruction with more views it may
be possible to triangulate structure points using the additional views for greater accuracy, if
the image measurements exist. For example, if the left reconstruction contains views {1, 2, 3}
and the right reconstruction contains views {3, 4, 5}, and one has good measurements for x̃ji ,
j = 1 . . . 5, then after merging an estimate of the point Xi can be made using all five views that
will be more accurate than the estimate of that point in the original left or right reconstructions.
It is typical to detect correspondences in a separate module, either using feature tracking
[Zach et al., 2008; Hwangbo et al., 2009; Kim et al., 2009] or inter-frame matching, that produces
as output an increasing list containing the coordinates of an observed feature point in a series of
views. However, despite attempts to remove outliers [Shi and Tomasi, 1994; Tommasini et al.,
1998; Fusiello et al., 1999], some of these measurements will still be erroneous.
In this example, suppose that x̃4i is a bad measurement. Thus, it is likely that the point
b i will exist in the left reconstruction, but X
b 0 will not exist in the right reconstruction. After
X
i
merging the two reconstructions together and attempting to triangulate a new point using all
the images of this point, this will also fail and hence the ith structure point will be lost from
b i was formerly a well-triangulated point.
the merged reconstruction even though X
As feature tracks are increased in length, the probability of an outlier match increases, so it is
important to have a method of preventing all the good points from eventually being thrown out
when merging together partial reconstructions. Similar to Thormahlen et al. [2008], our solution
to this problem is to associate measurements independently with each partial reconstruction,
and then attempt to merge these correspondences when the partial reconstructions are merged.
In our implementation we have not used feature tracking to find the initial correspondences
but rather we have used wide-baseline matching of Harris and Stephens [1988] corner points.
To compute the initial triplet reconstructions we search for correspondences of triplets, and to
merge them together we use a separate set of triplet correspondences. After merging the two
projective reconstructions we search for structure points between the left and right reconstruction that can be merged.
In order to identify potential structure points for merging we project all of the structure
points from the right reconstruction onto the image plane of the overlapping view. These
image points are stored in a uniform grid structure [Bentley, 1975] that allows all points in
a fixed radius to be found rapidly. For each structure point in the left reconstruction, we
search for potential matches around its projected image point in the overlap view, and for
each potential match we compute the maximum likelihood triangulation from the set of merged
correspondences associated with those points. If the triangulated point reprojects back to all
of the original measurements within some small threshold, then the merge is adopted.
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5.7

Results

We compare the various merging approaches on synthetic data with controlled levels of noise
so that the statistical differences between algorithms is made clearly apparent. In our synthetic
tests, five cameras are generated on a circle of radius 100 units looking approximately toward the
origin (±20 units). The angular separation between successive cameras is uniformly distributed
in the range of 0.1◦ − 10◦ , and camera focal length is uniformly distributed in the range of
600 − 800 units.
For scene structure, 100 points are generated on the surface of a cube of width 100 units
that is shifted some distance from the origin in the direction of the average camera principal ray.
A top down view of a generic synthetic configuration is shown in Fig. 5.3. Correspondences are
generated by projecting the true structure points onto the image plane and adding normally
distributed noise to simulate measurement error in the correspondence finder.

C1
θ1

C2

r

θ2
C3
C4

d

θ3

B

θ4

C5

Figure 5.3. Top down view of a synthetic configuration. Cameras centers C1 , . . . , C5 are located on a circle of
radius r with random angular separations of θ1 , . . . , θ4 . The structure points are generated on the surface of a
cube centered at B, a distance d from the origin.

From these noisy correspondences we compute a robust estimate of the trifocal tensor for the
first three views and the last three views (so that there is one view of overlap). We then attempt
to merge these two reconstructions into a single reconstruction covering all five views using:
(a) the optimal absolute orientation method of [Umeyama, 1991], after autocalibrating both
partial reconstructions using the recent method of [Gherardi and Fusiello, 2010]; (b) Nister’s
forward linear method (Section 5.2.1); (c) our symmetric variation on Nister’s method (Section
5.3); (d) the proposed Structure Invariant Maximum Likelihood (SIML) method (Section 5.4).
We evaluate merging success for any particular trial by using the mean reprojection error of
the merged result prior to bundle adjustment, because it is well known that the maximum

84

likelihood projective reconstruction should minimize reprojection error.
In our first experiment we examined sensitivity to noise. This was done by generating noisy
correspondences from 100 random configurations at each level of noise and then looking at the
median of the mean reprojection error (see Fig. 5.4). We observe that all methods have zero
median error in the absence of noise, but the absolute orientation method is extremely sensitive
and produces high median errors even under low noise conditions. In contrast, the image-spaced
approaches exhibit reconstruction error that is almost proportional to the measurement error.
Our symmetric linear method has lower median error than Nister’s method, and the proposed
SIML improvement has lower median error still, although these reductions to median error are
relatively marginal.

Noise Dependency of Projective Merging
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Figure 5.4. Comparison of reconstruction quality as a function of measurement noise. Scene distance is fixed at
500 units. Errors for the absolute orientation method are shown on the primary axis and errors for the other
methods are shown on the secondary axis. The plotted curves are the median of 100 trials. All methods have zero
median error in the absence of noise, but the absolute orientation method is extremely sensitive and produces
high median errors even under low noise.

In our second experiment, we fix the noise level at σ = 1 pixels and examine the merged
reconstruction quality as a function of scene distance ( Fig. 5.5). Curiously, we observe that the
reprojection error of the merged reconstruction is not a monotonic function of scene distance.
This effect, while initially perplexing, can be attributed to two conflicting forces. On the one
hand, the absolute (3D) error is increased for more distant reconstructions because measurement noise (which is added in image space) becomes relatively greater. On the other hand,
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more distant scenes tend to have lower reprojection error because the projection of the entire
scene bounding box occupies a smaller portion of the image. Thus, as distance of the scene is
increased, the merged reprojection error will gradually increase until it becomes no better than
random guessing, at which point the reprojection error will gradually reduce and asymptote at
some small value, although the absolute errors continue to increase.

Distance Dependency of Projective Merging
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Figure 5.5. Comparison of reconstruction quality as a function of scene distance. Measurement noise is fixed at
σ = 1 pixels. Interestingly, the reprojection error is not a monotonic function of scene distance. The plotted
curves are the median of 100 trials. For this distribution of configurations, we see that the median absolute
orientation method performs better than random when the scene distance is within 103 , whereas the image-space
methods perform better than random when the scene distance is less than 104 , but they only provide accurate
results out to 103 . The absolute orientation method does not provide accurate results for any distance at this
level of noise.

In order to approximate this overall downward trend in expected reprojection error for
more distant geometry, we have plotted the median of the mean reprojection error obtained by
randomizing the order of structure points in the true configuration and measuring the distance
to the (incorrect) image projections after projecting those structure points by the true projection
matrices. In other words, this shows the expected reprojection error if structure points were to
be randomly chosen within the scene volume rather than being precisely triangulated.
We see from the graph that the median performance of the absolute orientation method
is better than random only when the scene distance is within 103 , whereas the image-space
methods perform better than random when the scene distance is less than 104 , but they only
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provide accurate results out to 103 . Between these methods, the proposed SIML method has the
lowest median error, although the improvements to median performance are still only marginal.
The absolute orientation method does not provide accurate results for any distance at this level
of noise.
For extremely far distances (105 and beyond in this case), the random curve actually performs slightly better than the proposed methods. This is because at this extreme distance, the
prior knowledge of the true scene bounding box that is assumed by the random method becomes more informative than the image measurements, because the large relative noise causes
the uncertainty ellipsoid of a triangulated structure point to become larger than the true scene
bounding box.
It should be noted that there is nothing magic about the number 103 , it is simply the point
at which the signal to noise ratio becomes too small for accurate reconstruction, and this is
dependent on the specific camera configuration (particularly the distance between cameras) as
well as the correspondence measurement noise.
We compare the Empirical Cumulative Distribution Functions (ECDFs) of the mean squared
reprojection error (MSE) for each method of merging using from a set of 1000 random configurations with noise fixed at σ = 2 pixels and scene ’distance’ set to zero (i.e., the scene being
centered at the origin) in Fig. 5.6.
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Figure 5.6. Comparison of the empirical cumulative distribution of mean squared reprojection error of the merged
reconstructions using various merging methods, based on merging from 1000 randomly generated configurations.
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By looking at the complete performance distribution, we finally see that the improvements
offered by our symmetric and SIML improvements are significant when it comes to tail performance. This is expected, because the improvements are primarily designed to increase robustness under conditions of small baseline, but the majority of configurations that we randomly
generate will not have the problem of small baseline.
Specifically, using Nister’s original method the 90th percentile of mean squared reprojection
error was 300 pixels, whereas the 90th percentile was reduced to 29 pixels after our symmetric
modification, and further reduced down to just 6.5 pixels using the SIML method. Finally,
after bundle adjusting the result, the 90th percentile error was reduced to 3.8 pixels, and was
never worse than 6.6 pixels. Although this may still seem like a large amount, it is actually
very good considering that this was the worst case error over all merging trials, and a total of
200,000 noise values were generated with σ = 2 pixels, so the input noise is expected to have
exceeded 6.6 pixels approximately 387 times.
Finally, we demonstrate an example of the robust SIML merging method on some measurements gathered from real data. We started with a series of five sequential snapshots of
a desk and then proceeded to find correspondences by matching corners. We computed two
estimates of the trifocal tensor robustly and then merged them together using the proposed
robust maximum likelihood method. The correspondences were merged as described in Section
5.6 and then bundle adjustment was used to nonlinearly improved the merged result.
In this reconstruction we found a total of 2,661 structure points with a mean squared
reprojection error of 0.55 pixels, all of which were below the threshold of 2 pixels used within
the RANSAC framework. We show a selection of three views from the merged result of five
views in Fig. 5.7, where we have drawn the reprojected structure points in comparison to
the original corner points to demonstrate the low reprojection error visually. To reduce visual
clutter, we only draw the reprojections of points that were merged so that they have an image
in all five views. Some views of the reconstructed point cloud are shown in Fig. 5.8.
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(a)

(b)

(d)

(c)

(e)

Figure 5.7. A reconstruction of five views that was formed by merging two triplets that overlap by one view
using the proposed approach. The merged reconstruction consists of 3,367 structure points with a mean squared
reprojection error of 0.51 pixels. The image width is 1000 pixels. The white tracks show image measurements
and the black points are the reprojected structure points.
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(a)

(b)

Figure 5.8. Two views of the structure points in the merged desk reconstruction. (a) from a side perspective,
and (b) from a front perspective. The reconstructed cameras are shown as pyramids.

5.8

Conclusions

Merging of partial reconstructions requires the computation of the transformation matrix that
aligns their respective spaces. This is commonly solved as an absolute orientation problem in
metric space after autocalibration. However, autocalibration is an inherently sensitive procedure
that we feel is best delayed until the reconstruction becomes larger and more precise in order to
avoid instabilities. Moreover, the absolute orientation approach is very sensitive to the accuracy
of structure points that have been already triangulated in the partial reconstructions.
By using Nister’s method, errors can be measured in metric image space, thereby avoiding
the need to perform premature autocalibration, which also has the advantage of canceling out
the majority of structure point uncertainty, thereby reducing sensitivity to noise. However,
this uncertainty is never fully canceled out. To solve this problem, we have proposed a way to
apply Nister’s method symmetrically and thereby provide a more reliable initialization. Most
importantly, we have also proposed a maximum likelihood method that is completely invariant
to the uncertainty in structure points, and shown how this can be used within a RANSAC
framework to obtain truly robust results.
Thus, this new merging method can be used to increase the accuracy and reliability of any
projective structure from motion system that relies on a merging operation.

90

Chapter 6

Autocalibration
Autocalibration is the process of determining the homography that rectifies a projective reconstruction to metric, bringing it within a similarity transformation of the true configuration.
Because metric constraints cannot usually be enforced in the initial uncalibrated reconstruction,
it is necessary to compute a projective reconstruction first and then autocalibrate it. Although
autocalibration is a well-studied problem, previous approaches have relied upon heuristic objective functions that are sensitive to noise. We propose a maximum likelihood objective and show
that it can be implemented robustly and efficiently, and often provides substantially greater
accuracy especially when there are fewer views or greater noise.
A metric reconstruction is one that differs from the true configuration only by the choice
of coordinate system; in other words, there is some unknown rotation, translation and scale
[Hartley and Zisserman, 2004]. It is well known that metric reconstruction is not possible from
projective constraints alone [Faugeras, 1992; Hartley, 1992; Hartley and Zisserman, 2004] because the solution is ambiguous up to multiplication by some arbitrary homography. Thus, a
reconstruction obtained from projection constraints alone is referred to as a projective reconstruction.
Given any additional constraints on the intrinsic camera parameters (e.g., that the images
are not skewed, that pixel aspect ratio is known, that the center of projection is in the center of
the image, or that multiple images were produced by the same physical camera), the ambiguity
can be resolved. However, incorporating these constraints directly into an initial estimate is
difficult: an efficient solution is only possible in the simplest minimal case of two views with
fully calibrated cameras [Nistér, 2004]. A solution for two uncalibrated cameras was recently
proposed in Hartley and Kahl [2009], although it was admittedly computationally impractical.
In contrast, techniques for computing a projective reconstruction are much more efficient,
so the usual approach is to compute an initial projective reconstruction minimally or linearly,
which can then be refined to a maximum likelihood (ML) projective reconstruction using bundle
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adjustment [Triggs et al., 2000; Hartley and Zisserman, 2004; Lourakis and Argyros, 2004],
and finally rectified by multiplying the reconstruction by a homography that causes metric
constraints to be approximately satisfied. The estimation of this rectifying homography is
known as autocalibration (a.k.a. self-calibration).
In projective bundle adjustment, the cameras are parameterized by projection matrices
and the projection equation is simple, with the only nonlinearity being due to the perspective
division. The basin of attraction for projective bundle adjustment is relatively large, and
convergence is fast and reliable. In contrast, the presence of rotation matrices significantly
complicates the projection equation in metric bundle adjustment, making the linearized update
approximations less accurate. As a result, we observe a much smaller basin of attraction
with less reliable convergence. Thus, even when a metric estimate is available one might still
prefer to do bundle adjustment in projective space, although this would necessitate the use of
autocalibration to map the result back into a metric space.
A plethora of approaches to autocalibration have been presented in the literature (see Section
6.1), but autocalibration has a reputation for instability, and obtaining robust results in the
presence of estimation error can often be difficult. This has motivated a recent trend towards
approaches that use global optimization methods. However, the objectives that are optimized
by these global approaches are still heuristic and sensitive to noise.
In this paper, we formulate a maximum likelihood objective for autocalibration and show
that it can be optimized efficiently and robustly. Using the maximum likelihood method avoids
the sensitivity to noise and can give considerably more accurate results, especially for small
numbers of views or high levels of relative noise (equivalent to more distant point clouds) where
the autocalibration problem is more difficult.
We begin by summarizing past work in autocalibration (Section 6.1), and then derive our
maximum likelihood objective (Section 6.2). We show how this concise formulation properly
accounts for all previously recognized constraints (Section 6.2.2), and explain the fundamental
instability and limitations behind the heuristic maximum a priori objectives (Section 6.3).
A method for efficient optimization is described (Section 6.4), along with a novel resectioning
step to ensure that metric constraints are enforced exactly. We identify a set of representative
autocalibration algorithms to compare against (Section 6.5), and devise a framework for objective experimental comparison (Section 6.6). Finally, we present the results of our experiments
(Section 6.7), demonstrating the efficiency, robustness and quality of the proposed ML method,
and offer some concluding remarks (Section 6.8).
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6.1

Background

The first known method of autocalibration was based on the Kruppa equations [Kruppa, 1913;
Faugeras et al., 1992; Vieville and Lingrand, 1996; Hartley, 1997a], now understood to be an
algebraic representation of the correspondence of epipolar lines tangent to the dual image of a
conic (DIAC).
It was shown in Huang and Faugeras [1989] that an equivalent constraint to the Kruppa
equations is that the essential matrix between any view pair must have two equal non-zero
singular values, called the rigidity constraint. This is the fundamental principle behind several
autocalibration approaches that theoretically work for two views when focal length is the only
unknown [Hartley, 1992; Mendonça and Cipolla, 1999; Bougnoux, 1998; Lao et al., 2004; Gao
and Radha, 2004], although they are highly sensitive to noise.
When more than two views are considered, autocalibration via the Kruppa equations requires finding the simultaneous solutions to many quadratic equations, which has not been
regarded as a promising approach [Hartley and Zisserman, 2004], but has been attempted using
homotopy continuation [Luong, 1992], nonlinear methods [Zeller, 1996; Luong and Faugeras,
1997], and more recently using globally convergent interval analysis [Fusiello et al., 2004]. Because the Kruppa equations do not enforce all of the calibration constraints that are now
understood, such as the common support plane for the plane at infinity, these methods are
subject to singularities that can lead to instabilities.
In Pollefeys et al. [1996], the modulus constraint on the plane at infinity was introduced,
which is complementary to the Kruppa equations because it enforces constraints on the common
plane at infinity without enforcing constraints on the DIAC. A unifying framework for these
entities was presented with the absolute dual quadric (ADQ) [Triggs, 1997], a fixed entity in
space that encodes for both the plane at infinity and absolute dual conic (ADC) and projects to
the DIACs. The ADQ is useful because all autocalibration constraints can be translated onto
it.
The ADQ can be estimated using linear and nonlinear least squares [Triggs, 1997; Pollefeys
et al., 1998; Hartley and Zisserman, 2004; Oliensis, 1999; Ponce, 2001], sometimes weighted
according to prior assumptions as in Pollefeys et al. [2002b]. Unfortunately, both of these
variations are often unstable in practice [Bougnoux, 1998]. It has been commented [Bocquillon
et al., 2007] that the main reason for instability of the linear method is that the rank and
positive-semidefinite constraints of the ADQ are not enforced. However, we believe that the
greater issue with the linear method is that the constraint equations do not directly correspond
to the parameters they are intended to constrain in the presence of noise.
The nonlinear method has no singularities and enforces all known constraints, but still does
not have any geometric meaning [Hartley and Zisserman, 2004, p. 467] and frequently produces
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unstable results in practice. We speculate from the recent trend towards more global approaches
that minimize essentially the same cost function that the instability of the nonlinear method
has been largely attributed to difficulties in obtaining a good initialization.
For example, in Hartley’s stratified approach [Hartley et al., 1999], chirality constraints
[Hartley, 1998b] are used to solve for a finite bounding volume for the plane at infinity and
then this space is explored with a brute force search. From each candidate location, the infinite homography constraint is used to linearly estimate the ADC from any desired calibration
constraints, the best plane is taken as the one that minimizes the least squares residual, and
finally the result is improved nonlinearly. Unfortunately, this brute force search can be slow,
and we have observed that the minimum is often so pointlike that the basin of attraction is not
reliably found using any reasonably spaced discretization. Additionally, it has been pointed out
[Nister, 2001b] that a single outlier can cause the chirality constraints to have no solution, or
to not contain the correct solution.
More recently, the issue of discretization has been addressed by globally convergent methods.
For example, interval analysis (IA) with branch and bound was used to minimize a heuristic
based on the essential matrix constraint in Fusiello et al. [2004]. Unfortunately, the method was
not very efficient, having computation times of about 1.5 hours for a problem with 40 views.
IA was used again in Bocquillon et al. [2007], but the parameterization that was used only
works for constant focal length and does not evenly distribute error. Computation times were
improved in this latter method, but were still on the order of a minute for 20 views, which is
too slow for many applications.
Under the constraint of zero skew (which can always be assumed in practice) and known
principal point (which can be guessed but is often not known exactly), semidefinite programming
was used to globally minimize a heuristic cost function in Agrawal [2004], which was extended
with a brute force search for principal point in Agrawal [2007]. These methods enforced the
internal ADQ constraints, but neglected the constraints on aspect ratio and always assumed
that principal point is constant, which makes them applicable to video but not photo collections.
Convex relaxation was used with branch and bound to identify the plane at infinity that
globally minimizes a heuristic cost associated with the modulus constraint in the recent stratified
approach of Chandraker et al. [2007b, 2010], but the heuristic is not ideal because it does not
consider constraints on the DIAC in the search for the plane at infinity. Similar techniques were
used to estimate the ADQ directly using all known constraints in Chandraker et al. [2007a],
which makes it perhaps the most generally applicable global approach.
In general, the globally convergent approaches are very difficult to implement and not very
efficient. As an alternative, the dual stratified approach of estimating the plane at infinity from
known calibration matrix, first proposed in Bougnoux [1998], has recently been revived with a
closed form solution from a view pair in Gherardi and Fusiello [2010]. The advantage of the
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dual stratified approach is that prior knowledge may be used to restrict the search into a very
narrow plausible region, rather than exhaustively searching through all of parameter space for
the plane at infinity. This leads to an algorithm that is simple, fast and robust. However, it
lacks in precision, and still minimizes a heuristic objective that is not geometrically meaningful.
As a result, attempting to further minimize the heuristic using nonlinear methods can result in
divergence.
The fundamental limitation of all previous algorithms is that the objective being minimized
is a heuristic with no particular geometric meaning, and these heuristics do not always work as
well as one would hope. This becomes especially apparent for projective reconstructions with
greater noise (or equivalently, more distant geometry) and for short reconstructions which are
commonly on the verge of a Critical Motion Sequence (CMS) [Bocquillon et al., 2007] for which
the problem is ill-posed.
Currently, the most meaningful heuristic objectives minimize a weighted sum of squared
errors between the rectified intrinsic parameters and an assumed mean of zero. If calibration
parameters are all independent and normally distributed, then the homography that minimizes
this error is a maximum a priori rectifying homography [Nister, 2001b], where the weights (chosen heuristically) implicitly correspond to inverse variance of some assumed prior distribution.
However, the tenability of this prior model has never been justified, and it has been primarily
adopted out of convenience as a substitute for likelihood. In the next section, we show that
in fact likelihood can be used as the objective, and we will present an algorithm to maximize
likelihood robustly and efficiently.

6.2

Maximum Likelihood Autocalibration

Consider a set of n homogeneous structure points X̄i , i = 1 . . . n in the projective space P3 ,
viewed by a set of m cameras having 3 × 4 projection matrices P̄j = K̄j [R̄j |t̄j ], j = 1 . . . m,
where R̄j is a rotation matrix and K̄j is a non-singular upper triangular calibration matrix
with positive diagonal elements. We refer to the combined set of this information as the true
configuration, denoted by

Θ̄ = { X̄i , P̄j |∀i, j },

(6.1)

b of the configuration from some measurements as a reconstruction of the
and any estimate Θ
configuration.
The perspective projection of a homogeneous structure point X ∈ P3 as viewed by a camera
with projection matrix P is accomplished by multiplication, yielding a homogeneous image
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point x ∈ P2 ,
x ∝ PX.

(6.2)

Let the measured coordinates of the image of the ith structure point in the jth image be
denoted by x̃ji . If we assume, as is commonly done [Hartley and Sturm, 1997], that measurement
error is normally distributed with standard deviation σ, then the probability (or likelihood) of
a measurement is
P (x̃ji |Θ̄) =
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j
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(6.3)

where x̄ji is the true image of X̄i in the jth view, and d(a, b) is the Euclidean distance between
the inhomogeneous points represented by homogeneous points a and b. The log-probability of
a measurement is
log P (x̃ji |Θ̄) = −


1
d(x̃ji , x̄ji )2 + log 1/(2πσ 2 ) ,
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(6.4)

constant

b M L from measurements
and therefore the maximum likelihood (ML) projective reconstruction Θ
{x̃ji } is given by

b M L = argmax
Θ
Θ

Y

P (x̃ji |Θ)

i,j

1 X
d(x̃ji , xji )2
2σ 2
Θ
i,j
X
j
= argmin
d(x̃i , xji )2 .
= argmax −

Θ

(6.5)
(6.6)
(6.7)

i,j

The distance d(x̃ji , xji ) is known as reprojection error, so the ML reconstruction is the one
that minimizes the sum of squared reprojection errors. This nonlinear minimization is known
as bundle adjustment [Triggs et al., 2000; Hartley and Zisserman, 2004; Lourakis and Argyros,
2004]. Because multiplying a projective reconstruction by a homography does not change
reprojection error, the result of projective bundle adjustment is ambiguous up to a homography.
Autocalibration is an attempt to resolve this ambiguity. Previous algorithms have done so
by assuming that certain intrinsic parameters (discussed in Section 6.2.1) should be distributed
according to a known prior model in the metric frame, and have therefore sought the rectifying
homography that maximizes prior probability according to the prior model. We refer the
interested reader to 6.3, where we explain the fundamental instability and limitations of this
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heuristic maximum a priori approach.
However, as discussed in Section 6.2.1, a reconstruction that does not satisfy metric constraints is not really a plausible reconstruction, and if one projects the rectified solution into the
space of valid metric reconstructions by imposing metric constraints then reprojection errors
will be increased. Thus, it is possible to seek the maximum likelihood rectifying homography by minimizing these reprojection errors. Specifically, the maximum likelihood rectifying
homography is given by

b M L = argmin
H
H

X

d(x̃ji , PjC H−1 Xi )2 ,

(6.8)

i,j

where {PjC |∀j} are the closest projection matrices to {Pj H|∀j} that exactly satisfy the metric
constraints. They can be found by decomposing each PH ⇒ K[R|t], forming the augmented
calibration matrix K0 by enforcing metric constraints on K, and then reforming PC ⇐ K0 [R|t].

6.2.1

Metric Constraints

Any 3 × 4 projection matrix P can be uniquely factored [Golub and Van Loan, 1996b, p.230]
into a rotation matrix R, translation t, and right triangular calibration matrix K as

P ∝ K[R|t].

(6.9)

Following Hartley and Zisserman [2004], we denote the elements of the calibration matrix
by



αx


K=

s
αy

u




v ,
1

(6.10)

where s ∈ (−∞, ∞) is the skew parameter, αx and αy are the horizontal and vertical image
scaling factors (αx is focal length), and (u, v) are the coordinates of the principal point. These
are the intrinsic camera parameters.
Because the images taken by any real camera will be unskewed and have a known (usually
1:1) pixel aspect ratio, this means that in the true configuration s = 0 and αx = αy . Furthermore, when it is known that the principal point is in the center of the image, the image
coordinate system can be chosen so that u = v = 0. Additionally, for any two projection
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matrices that are known to correspond to the same camera, the calibration matrices will be
equal.
The restriction that cameras can only image what is in front of them results in an inequality
constraint for each measured image point. These inequality constraints, known as chirality
constraints [Hartley, 1998b], can be used to restrict the location of the plane at infinity π∞
(which partially defines H) to a convex polytope [Hartley et al., 1999], but do not actually
assist in pinpointing an exact solution.
With the exception of chirality constraints, all previous constraints that have been used
for autocalibration can be derived from the above constraints on K (see Section 6.2.2). This
includes the rank (e.g., common plane at infinity π∞ ) and positive-semidefinite constraints
of the absolute dual quadric Q∗∞ Triggs [1997], the linear and nonlinear constraints on Q∗∞
[Pollefeys et al., 1998], the infinite homography constraint on the absolute dual conic Ω∗∞
[Hartley and Zisserman, 2004], the Kruppa equations [Kruppa, 1913], the essential matrix and
rigidity constraints [Huang and Faugeras, 1989], and the modulus constraint Pollefeys and
Van Gool [1999]. In other words, although (6.8) is not specifically formulated in terms of these
previously used constraints, it does not neglect any of them.
We propose an additional inequality constraint based on the fact that a camera field of view
must be in the range (0, π), and practically speaking a much less conservative range can usually
be assumed which we denote (θmin , θmax ). Thus, focal length must be in the range
f∈

Sw
Sw
,
θmax
2 tan( 2 ) 2 tan( θmin
2 )

!
.

(6.11)

For a standard 35mm camera using an 18-55mm lens, this means that focal length is approximately in the range of 1-3 screen widths (in pixels).

6.2.2

Relationship to Previous Autocalibration Constraints

Recall that any 3 × 4 projection matrix P can be uniquely factored into a rotation matrix R,
translation t, and calibration matrix K as

P ∝ K[R|t].

(6.12)

Define Ĩ = diag(1, 1, 1, 0). Then, observe that the rotation and translation components can
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be cancelled out by

PĨPT ∝ K[R|t]Ĩ[R|t]T KT
"
#
RT
∝ K[R|0]
KT
0

(6.13)

∝ KKT .
Any projective camera Pj in the reconstruction is related to a metric camera (denoted by
subscript M) via the rectifying homography HM ,

PjM ∝ Pj HM

∀j.

(6.14)

Substituting (6.14) into (6.13), we obtain

T

j
Pj HM ĨHT
∝ Kj Kj
MP

T

∀j.

(6.15)

Using (6.15), prior constraints on the calibration matrices can be translated into nonlinear
constraints on HM . This makes it the most fundamental equation of autocalibration, from
which all other constraints that are based on calibration matrices can be derived. Making
T

∗j = Kj Kj , equation (6.15) is usually written as a
the substitutions of Q∗∞ = HM ĨHT
M and ω

constraint on Q∗∞ and ω ∗j ,

T

Pj Q∗∞ Pj ∝ ω ∗j

∀j.

(6.16)

In the literature Q∗∞ is known as the absolute dual quadric (ADQ), and ω ∗j is a dual image
of the absolute conic (DIAC). The relationship between these entities is depicted graphically in
Fig. 6.1.
The advantage of using Q∗∞ is that some constraints can be translated into linear constraints
on Q∗∞ , allowing linear least squares method to be used as an initialization. However, there
are additional internal constraints on Q∗∞ that cannot be enforced by a linear solution. By
construction, Q∗∞ must be symmetric, rank 3 and positive-semidefinite (Theorem 2) and all ω ∗j
must be symmetric and positive-semidefinite (Theorem 3).
Theorem 2. Let H be any real matrix. Then HHT is positive-semidefinite.
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Proof. A square matrix M is positive-semidefinite if and only if zT Mz ≥ 0, for any non-zero z.
It holds that zT HHT z = ||HT z||2 ≥ 0.
Theorem 3. Let Q be an n × n positive-semidefinite matrix, and P be any m × n matrix. Then
PQPT is also positive-semidefinite.
Proof. The factorization Q = LLT must exist because Q is positive-semidefinite. Let H = PL.
Then HHT = PLLT PT = PQPT is positive-semidefinite by Theorem 2.
Because Q∗∞ is singular, it is a degenerate (dual) quadric, meaning that it actually represents
a dual conic embedded in some plane. This dual conic, called the absolute dual conic (ADC)
and denoted by Ω∗∞ , is encoded in the upper 3 × 3 portion of Q∗∞ . The plane it lives in is called
the plane at infinity, denoted by π∞ and encoded by the null space of Q∗∞ . Geometrically,
(6.16) shows us that ω ∗j is the projection of Q∗∞ onto the image plane of Pj . Therefore, Ω∗∞ is
also the projection of Q∗∞ by the canonical projection matrix, P = [I|0].

π∞
Q∗∞ /Ω∗∞

Hi∞
ω∗i
Ci
∗j

ω

H∞j

Cj
Figure 6.1. The absolute dual quadric Q∗∞ encodes for the absolute dual conic Ω∗∞ , as well as the plane at infinity
π∞ that Ω∗∞ is embedded in. A dual image of the absolute conic ω ∗j is the image of Ω∗∞ as seen by camera Pj
having focal point at Cj , and can be obtained either by projection of Q∗∞ , or by using the infinite homography
Hj∞ to map Ω∗∞ from π∞ to the image plane of Pj .

There is some notational inconsistency in the literature, with ω ∗ sometimes being used to
represent Ω∗∞ , and Ω∗∞ sometimes being used to represent Q∗∞ . We do not prefer this alternative
notation because, under the assumption of constant calibration matrices where ω ∗j = ω ∗i ∀i, j,
it can lead to confusion between ω ∗ and ω ∗j , which are equivalent only if Pj = [I|0].
In a metric reconstruction HM = I, in which case one observes that Q∗∞M = Ĩ, Ω∗∞M = I, and
π∞M = (0, 0, 0, 1)T , which does not correspond to any real plane equation. By definition, a point
X lies on a plane π iff π T X = 0, and therefore the only points lying on π∞M are homogeneous
points of the form (a, b, c, 0)T . These are all points at infinity, hence why we call π∞ the plane
at infinity. Under the action of a homography H a plane π transforms to π 0 = H−T π, and
hence π∞ could be any real plane in the projective reconstruction.
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6.2.2.1

The Infinite Homography

As a consequence of the fact that Q∗∞ is degenerate, its projection ω ∗j can alternatively be
computed via a planar homography transfer of Ω∗∞ . The homography that transfers from
π∞ = (pT , 1)T to the image plane of view Pj = [Aj |aj ] is called the infinite homography,
denoted by Hj∞ , and given by

Hj∞ ∝ Aj − aj pT

∀j.

(6.17)

Under the action of a homography H, a dual conic ω ∗ transforms to ω ∗0 = Hω ∗ HT . Thus,
we obtain the infinite homography constraint on Ω∗∞ ,
T

Hj∞ Ω∗∞ Hj∞ ∝ ω ∗j

∀j.

(6.18)

The infinite homography constraint is a pairwise constraint between image planes (see Fig.
6.1), a special case of (6.15) that does not enforce the common support plane for π∞ .
6.2.2.2

The Kruppa Equations

Let eij denote the image of the ith camera center in view j (an epipole). There is a corresponding
skew-symmetric matrix [eij ]× [Hartley and Zisserman, 2004, p. 581], and multiplying both sides
of (6.18) by [eij ]× leads to




T
[eij ]× ω ∗j [eij ]× ∝ [eij ]× Hj∞ Ω∗∞ Hj∞ [eij ]×
∝ Fij Ω∗∞ FT
ij

∀ij,

(6.19)
(6.20)

where Fij is the fundamental matrix between views i and j. The set of equations in (6.20) are
equivalent to the original Kruppa equations [Kruppa, 1913], expressing constraints on Ω∗∞ in
the form of corresponding epipolar lines tangent to ω ∗j . Thus, the Kruppa equations are just
a special case of the infinite homography constraint.
6.2.2.3

The Rigidity Constraint

It has been shown [Huang and Faugeras, 1989] that the Kruppa equations are also equivalent
to a constraint that the essential matrix has two identical singular values and one zero singular
value. The essential matrix is related to the fundamental matrix by
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T

Eij = [t]× R = Kj Fij Ki ,

(6.21)

where t and R represent the translation and rotation between the camera pair. This constraint
may also be stated as

2
T 2
det(Eij ) = 0 ∧ 2 tr((Eij ET
ij ) ) − (tr(Eij Eij )) = 0,

(6.22)

and is called the rigidity constraint on Eij because it is a result of the rigid motion between
cameras.
6.2.2.4

The Modulus Constraint

Without loss of generality, we can align the projective reconstruction such that Pi = [I|0], and
choose our metric reconstruction such that PiM = Ki [I|0]. Then, because PiM = Pi HM , it can be
verified that HM is of the form

"
HM =
T

Ki 0
vT 1

#
.

(6.23)

T

In this case, Ω∗∞ = Ki Ki , and v = −Ki p. Substituting (6.23) into (6.14), we see that

Kj [Rj |tj ] ∝ [(Aj − aj pT )Ki |aj ]

(6.24)

Kj Rj ∝ (Aj − aj pT )Ki

(6.25)

Kj Rj Ki

−1

∝ Aj − aj pT .

(6.26)

Thus, if Kj = Ki then Hj∞ = Aj − aj pT is similar (a.k.a. conjugate) to a rotation, and
has eigenvalues proportional to {eiθ , e−iθ , 1}. In other words, the modulus of the first two
eigenvalues are equal. This is known as the modulus constraint on p. Note that the modulus
constraint is usually enforced as a constraint on the coefficients of the characteristic polynomial
of Hj∞ , as in Pollefeys and Van Gool [1999]; Chandraker et al. [2010].
Assuming all calibration matrices are equal, enforcing the modulus constraint between all
pairs of views would ensure a common support plane for π∞ , and is therefore also a special case
of (6.16).

102

6.3

Limitations of Maximum a Priori Autocalibration

We denote the metric-rectified calibration vector for the jth view by kj = (αxj − αyj , sj , uj , v j )T .
If one assumes that these calibration vectors are each distributed according to independent
multivariate normal distributions, then the maximum a priori rectifying homography would be
given by minimizing a sum of squared Mahalanobis distances,

b M AP = argmax
H
H

= argmin
H

m
Y

j=1
m
X



1 j
T −1 j
p
exp − (k − µk ) Σk (k − µk )
2
(2π)N |Σk |
1

j
(kj − µk )T Σ−1
k (k − µk ),

(6.27)

(6.28)

j=1

where N = 4 is the length of kj , and µk = (0, 0, 0, 0)T and Σk are mean and covariance that
define the prior distribution. If one further assumes that all parameters are independent, then
(6.28) reduces to a weighted sum of squared errors,

b M AP = argmin
H
H

X

wu (uj )2 + wv (v j )2 + wα (αxj − αyj )2 + ws (sj )2 .

(6.29)

j

Most autocalibration algorithms strive to optimize an objective of this form (or some close
approximation), where the weighting coefficients wu , wv , wα , ws are determined using various
guesses [Pollefeys et al., 2002b; Bocquillon et al., 2007; Gherardi and Fusiello, 2010] or more
commonly just omitted [Pollefeys et al., 1998; Hartley et al., 1999; Hartley and Zisserman, 2004;
Bocquillon et al., 2007], which is equivalent to assuming they are all equal. It has been thought
that the ideal way to choose these weighting coefficients is by looking at the distribution of
intrinsic parameters in real cameras [Nister, 2001b; Pollefeys et al., 2002b].
However, with the exception of focal length, the uncertainty of these parameters in real
cameras is negligible because modern cameras are manufactured to not produce skewed or
stretched images. In other words, the prior model for these parameters should essentially be a
delta function, and the parameters of any rectified result will never fall within the high density
region of such a distribution. It is well known that squared error is sensitive to outliers, and
this explains the fundamental instability of methods that use (6.29) as an objective.
The dominant source of uncertainty in the rectified calibration vectors is not due to uncertainty in the prior model, but rather is propagated from uncertainty in the measured image
correspondences. Because projection matrices are over-parameterized (a homogeneous projection matrix has 11 dof whereas a metric camera has only 7 dof for pose and focal length), metric
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constraints will be happily violated by projective bundle adjustment in order to achieve a solution with lower reprojection error. The rectifying homography does not have enough dof to
restore these metric constraints, and hence the error is propagated into the intrinsic parameters
of the metric rectified result.
Thus, the distribution of calibration parameters is configuration dependent, and the assumptions of (6.29) that parameters are normally distributed and independent are not valid. If
one were to use this objective anyway, the optimal choice of weighting coefficients wu , wv , wα , ws
should ideally be determined as the inverse of propagated variance, rather than being hardcoded based on some prior model.
Because variance must be propagated through projective reconstruction, then through autocalibration, and finally through the RQ factorization to get calibration parameters, we have
not had much success using analytical approximations. However, we have managed to obtain
accurate estimations of the propagated variance by using Monte Carlo methods. Each trial
consists of perturbing the original image point measurements with Gaussian noise and then repeating the entire process of projective reconstruction and autocalibration. An example of the
sample covariance matrix containing all intrinsic parameters for a system of 6 views is shown
in Fig. 6.2, calculated from 1000 random trials.

View 1

View 2

View 3

View 4

View 5

View 6

{
{
{
{
{
{

10000

8000

6000

4000

2000

0

Figure 6.2. Covariance matrix of intrinsic parameters for a set of six views. The parameters are ordered as
(αx1 , αy1 , s1 , u1 , v 1 , . . . , αx6 , αy6 , s6 , u6 , v 6 ). The delineation between parameters of the same view is indicated by
dotted grid lines.

We see from Fig. 6.2 that the greatest amount of uncertainty is propagated into focal
length, and secondly into principal point. This confirms the already known facts that neither
the estimation of principle point nor focal length are well-conditioned problems [Bougnoux,
1998]. The large covariance between horizontal and vertical focal lengths shows that the aspect
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ratio constraint is relatively good. In some views, there is a noticeable positive or negative
correlation between focal length and principal point. Additionally, we see that there is very
strong dependence between the focal lengths of different views. In other words, the assumption
of independence in (6.29) is incorrect.
In Fig. 6.3, we take a closer look at the covariance of constraints typically used in autocalibration. We use both Hartleys and Faugeras parameterization. Of these quantities, we see
that principal point has the greatest variation, and becomes increasingly uncertain for cameras
farther from the origin.

Covariance (Faugeras)

Inverse Covariance (Faugeras)
20000

4000

15000

3000
2000

10000

1000

5000

0

0

−1000

−5000

Inverse Covariance (Hartley)

Covariance (Hartley)

0.06

4000
3000

0.04

2000
0.02

1000
0

0

−1000
Figure 6.3. Covariance matrix of calibration vector for all six cameras (camera boundaries indicated by grid
lines). In Hartley’s parameterization, the calibration vector is (αx − αy , s, u, v). In Faugeras’ parameterization,
the calibration vector is (αu − αv , θ, u, v). Each. The sample covariance is based on monte carlo propagation of
covariance with 1000 perturbations of the correspondence measurements with σ = 1 pixel.

By looking at the inverse of these matrices, we see how to optimally weight the constraints
in a linear least squares problem (i.e., so as to minimize Mahalanobis distance or maximize
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the likelihood). In Hartley’s parameterization, skew and aspect ratio are both highly weighted,
whereas constraints on principal point are mostly useless.
The inverse variance for aspect ratio is consistently about 2-3 times higher than for the skew.
We notice significant negative correlation between the skew parameters of spatially similar
cameras. However, it is better to minimize the skew constraint on skew angle rather than skew
parameter because minimizing the skew parameter would create a bias towards smaller focal
lengths, and is also subject to greater variability because it is multiplied by focal length. We
notice that the variance in the skew parameter is about 6 orders of magnitude greater than the
variance in skew angle.
Interestingly, we see a strong negative correlation between the skew angle of spatially similar
cameras. Additionally, there is less variance in skew for cameras that are in the middle of the
chain. This is likely due to the spatial correlations between skew, which means that the more
nearby cameras there are, the more restricted the skew angle becomes and the more powerful
the skew constraint becomes for those cameras.
In order to get a more qualitative idea about how to best choose weighting coefficients, we
calculated the constraint power (inverse variance) from 100 random configurations and show
the results relative to skew, with 95% confidence intervals, in Table 6.1. These results indicate
that in general, skew and aspect ratio constraints should be weighted approximately equally,
whereas principal point should have a very negligible weight. In practice, we find that using
any non-zero weight on principal point or focal length tends to magnify the effects of noise and
provide a worse result.

Table 6.1. Power of calibration constraints relative to a constraint on skew. Calculated from 100 random
configurations and shown with 95% confidence intervals.

Constraint

Relative Power

s

1

αx − αy

1.01577 ± 0.0170464

αx

0.0169471 ± 0.00156958

αy

0.0169465 ± 0.00157017

u

0.0217334 ± 0.00202811

v

0.0219337 ± 0.00200886

However, we stress that the optimal choice of weighting coefficients in (6.29) is still highly
configuration dependent. In order to demonstrate this we have generated several random configurations and then autocalibrated using all possible relative weightings between skew and aspect
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ratio. The objective measure of autocalibration accuracy is shown as a 2D surface for each configuration in Fig. 6.4. One sees that the location of the minima is different for each problem,
which is a clear indication that the optimal choice of weights is configuration dependent.

(a)

(b)

(c)

(d)

(e)

Figure 6.4. Example cost surfaces demonstrating that the optimal choice of weights is configuration dependent.
Each surface corresponds to a different configuration, and the intensity at each point on the surface indicates
the objective reconstruction quality as a function of the relative weighting between skew (x-axis) and aspect
ratio (y-axis) constraints. The weights corresponding to the most accurate reconstruction is marked, and change
significantly with each configuration.

This configuration dependency means that one can only expect a marginal statistical advantage by using optimal weighting coefficients. To demonstrate this, we created a suite of 100
random configurations and then tried autocalibrating them while varying the weight on aspect
ratio relative to skew angle. The results are shown in Fig. 6.5 and Fig. 6.6, and confirm our
assumption that the best quality is obtained when using the weights determined by constraint
power, as well as the large degree of variability.
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Figure 6.5. Objective reconstruction quality after autocalibration with varying weight on aspect ratio constraint
using Hartley’s parameterization, relative to a weight of 1 on the skew parameter constraint. We have plotted
the median, first and third quartiles over 100 configurations.
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Figure 6.6. Objective reconstruction quality after autocalibration with varying weight on aspect ratio constraint
using Faugeras’ parameterization, relative to a weight of 1 on the skew angle constraint. We have plotted the
median, first and third quartiles over 100 configurations.
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Surprisingly, there does not seem to be any difference in the results when using Hartley or
Faugeras’ parameterization with the best weights. This is further confirmed by a plot of the
empirical cumulative distribution of the objective measure, shown in Fig. 6.7.
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Figure 6.7. Empirical cumulative distribution of structural and camera reconstruction quality when using Hartley’s vs Faugeras’ parameterization with optimal weighting coefficients for skew and aspect ratio.

6.4

Implementation

The potential constraints that could be incorporated into (6.8) depend upon the type of problem
(if it is a photo collection, video, etc). The most general constraints, which are applicable to
all practical autocalibration problems, are that skew is zero and pixel aspect ratio is unity. On
some problems, one may also assume that the principal point is constant or zero, or that focal
length is constant.
However, we have found experimentally that even in synthetic problems where these latter
constraints are known to be satisfied, including them at this stage actually worsens the results (see Section 6.3). This is because even a small amount of noise in the image points will
cause the projective reconstruction to find a solution that cannot be autocalibrated without
introducing a large amount of error into principal point and focal length. Therefore, the only
calibration matrix constraints we incorporate into (6.8) are skew, aspect ratio, and the focal
length inequality constraints. Note that we still make use of the remaining constraints later, as
will be discussed in Section 6.4.2.
As previously mentioned, Nister [2001b] pointed out that a single outlier can cause the
chirality constraints to have no solution, or for the solution polytope to not contain the true
plane at infinity. Therefore, in order to remain robust to these potential circumstances, we do
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not enforce chirality constraints as hard-constraints but rather add a large penalty (1000) to
the error for each point that would violate chirality constraints.
From an initial estimate, it is straightforward to minimize (6.8) using Levenberg-Marquardt
(LM) [Marquardt, 1963] with numerical differentiation. The only remaining challenge is in
finding a good initial estimate of the rectifying homography.

6.4.1

Initialization

We start off by linearly estimating Q∗∞ because it is efficient and precise in the absence of noise.
Then we adapt the theory of the dual stratified approach (DS) of Gherardi and Fusiello [2010]
to directly minimize (6.8), with some modifications to improve generality and performance.
The advantage of the dual stratified approach is that it is simple to implement and delivers
both efficiency and robustness by using importance sampling to guide the search. Moreover, it
gives us the freedom to minimize the same objective function during the initialization that we
later optimize nonlinearly.
Specifically, we use a Monte Carlo (MC) search and sample the calibration matrices for a
random view pair from an assumed prior distribution. Thus, the inequality constraints on focal
length can be imposed simply by not sampling outside of this range. We assume that both
views in the pair have the same calibration matrices because it reduces the size of the search
space from S 2 to S, and this generally improves performance and robustness. There is only a
negligible loss of generality because even when calibration matrices are not all equal, in practice
there is still enough inherent similarity that one can always assume a subset of two of them
will be sufficiently similar in this initial step, and the calibration matrices can still be treated
independently in all subsequent steps.
Next we calculate the rectifying homography based on the two views and keep track of
the homography that minimizes reprojection error. We call this dual stratified Monte Carlo
maximum likelihood (DS-MC-ML) initialization, and give pseudo-code in Algorithm 2. The
‘Evaluate’ function refers to (6.8) and ‘AutocalibratePair’ refers to the closed form solution
presented in Gherardi and Fusiello [2010].

110

Algorithm 2 DS-MC-ML Initialization
Require: A projective reconstruction from ≥ 2 views, and a prior model for the distribution
of Ki , i = 1 . . . m.
b should be in the basin of attraction of H
b M L.
Ensure: H
b ← LinearAutocalibrate(reconstruction)
1: H
2:

b reconstruction)
min ← Evaluate(H,

3:

repeat

4:

{P1 , P2 } ← select two projection matrices at random.

5:

K ← sample from prior distribution.

6:

H ← AutocalibratePair(P1 , K, P2 , K)

7:

 ← Evaluate(H, reconstruction)

8:

if  < min then

10:

min ← 
b ←H
H

11:

count ← 0

9:

12:

else
count ← count + 1

13:
14:
15:

end if
until count ≥ stopCount

The number of iterations that are needed in order to find a solution that is in the basin
of attraction of the global optimum is dependent on the structure of the epipolar geometry,
the number of cameras, and the assumed prior distribution. If the epipolar geometry is near a
Critical Motion Sequence (CMS) [Bocquillon et al., 2007], or if there is a large number of views,
or if there is a large uncertainty in the assumed prior distribution then more samples will be
needed.
Therefore, rather than choosing a fixed number of iterations up front, we prefer to use an
adaptive strategy that terminates the sampling process after stopCount iterations have elapsed
without further improvement. This allows the algorithm to remain efficient for simple problems,
while naturally scaling up to use more iterations on more difficult problems.
Because we measure reprojection error, it would also be easy to pick a reasonable threshold
for early termination based on the error value. This is something that is not possible to do
using previous error heuristics where there is no clear relationship between the heuristic and a
meaningful quantification of the actual amount of error.
The beauty of DS-MC-ML initialization is that the search space is inherently restricted to
solutions that rectify with at least two cameras having calibration matrices well within the
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high density region of the assumed probability distribution of calibration matrices. This is a
guarantee that even the globally optimal approaches cannot make.

6.4.2

Resectioning to Enforce Constraints

Because metric constraints are not enforced during the initial projective reconstruction phase,
there are essentially too many degrees of freedom in the initial solution, and hence multiplication
by the rectifying homography will never cause the constraints to be satisfied exactly.
In order to obtain a rectified solution that exactly satisfies all metric constraints, we follow up metric rectification by resectioning (a.k.a. re-estimating from structure points) all of
the camera matrices using the rectified structure points. This is done by choosing a metric
parameterization for camera matrices that implicitly enforces the metric constraints and then
minimizing reprojection errors using LM.
We use quaternion rotations for camera pose and assume principal point is known. Thus,
for a system of m views taken by the same camera, we need only add one parameter for focal
length giving 7m + 1 parameters.

6.5

Algorithms Compared

Fundamentally, the rectifying homography H is encoded for by the absolute dual quadric Q∗∞ ,
which is defined by the plane at infinity π∞ and absolute dual conic Ω∗∞ . These relationships (explained in detail in Appendix 6.2.2) define a natural categorization of autocalibration
algorithms.
In linear methods, Q∗∞ is estimated directly. In nonlinear methods H is improved nonlinearly. In stratified methods a brute force search is first used to identify π∞ (after computing a
finite bounding volume via chirality constraints) and then Ω∗∞ is estimated in a second phase.
Finally, in dual stratified methods Ω∗∞ is first guessed based on prior knowledge and then π∞
is estimated in a second phase.
Therefore, we compare against representative algorithms from each category. The specific
algorithms we compare against are:
Linear Method (L). We use the linear method of Pollefeys et al. [1998]; Hartley and Zisserman [2004] to estimate Q∗∞ using the symmetric parameterization of Q∗∞ (Section 6.5.2).
We have found that this is much more reliable than using the reduced parameterization.
The constraints we use are based on the assumptions of zero skew, unit aspect ratio, and
zero principal point, with experimentally determined weighting coefficients of ws = 1,
wr = 1, wu = wv = 0.2.
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Linear with Nonlinear Method (L+NL). A nonlinear improvement is also given in Pollefeys et al. [1998]; Hartley and Zisserman [2004] which can be parameterized by the rectifying homography to implicitly enforce the rank and positive-semidefinite constraints
(Section 6.5.3). It is also necessary to parameterize ω ∗j ∀j using some problem-dependent
constraints. We found that this method has a tendency to become extremely unstable if
the parameterization of ω ∗j allows for nonzero principal point or varying focal length, so
we use only a single parameter for constant focal length.
Stratified Method (S). We used Hartley’s stratified approach [Hartley et al., 1999] with a
brute force search for π∞ (Section 6.5.4). We used the recommended discretization of
100 × 100 × 100. Additionally, we augment the search space with one additional point
representing the location of π∞ that would be found by the linear algorithm. When
solving for the absolute conic, we include constraints for zero skew, constant focal length,
unit aspect ratio and constant principal point.
Stratified with Nonlinear Method (S+NL). Hartley [Hartley et al., 1999] calls for a nonlinear improvement after the initial stratified search so we follow by using the method of
Pollefeys et al. [1998].
Dual Stratified Method (DS). We have used the method of Gherardi and Fusiello [2010]
(Section 6.5.5), with the recommended parameters of 50 samples for focal length, wsk =
1/0.01, war = 1/0.2, wu0 = 1/0.1, wv0 = 1/0.1.
Dual Stratified with Nonlinear Method (DS+NL). It is recommended in Gherardi and
Fusiello [2010] to follow up with a nonlinear improvement so we use the method of Pollefeys
et al. [1998].
(NEW) Maximum Likelihood Method (ML). We initialize the rectifying homography
using DS-MC-ML (Algorithm 2) and then follow up by nonlinearly minimizing (6.8) using
Levenberg-Marquardt.
(NEW) ML with Resection Method (ML+R). We follow up the ML estimation of the
rectifying homography by resectioning the cameras as described in Section 6.4.2. This
ensures that metric constraints are satisfied exactly in the solution.

6.5.1

Parameterization

From the previous section it is clear that autocalibration is equivalent to determining either
HM , Q∗∞ , or {Ω∗∞ , π∞ }. In this section we will discuss various ways to parameterize the solution
in more detail.
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The simplest and most general parameterization is to use the elements of HM directly. The
advantage of parameterizing by HM is that any invertible HM represents a valid solution, making
it the ideal choice for a nonlinear minimization.
It is not necessary to use all 16 dof to represent HM , because the final column will be
eliminated when multiplied by Ĩ. Thus, a general parameterization is given by



h1

h2

h3

0





 h4 h5 h6 0 
.
HM = 
 h

 7 h8 h9 0 
h10 h11 h12 1

(6.30)

This can be further reduced by using a canonical reference frame. Without loss of generality, we can align the projective reconstruction such that P1 = [I|0], and choose our metric
reconstruction such that

P1M = K1 [I|0].

(6.31)

P1M = P1 HM ,

(6.32)

Then, because

it can be easily verified that HM must be of the form

"
HM =

K1 0
vT

1

#
.

(6.33)

In this case, vT is related to K1 and π∞ by


π∞

0



#
  "
1 )−T v


−(K
0
 =
= H−T
.
M 

1
 0 
1

(6.34)

Another option is to parameterize directly by Q∗∞ . For example, this is useful in linear
estimation because it is not possible to linearly estimate HM . One possible parameterization
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is simply to use the 10 unique symmetric elements of Q∗∞ . However, this obviously does not
enforce the rank and semidefinite constraints.
Alternatively, if we transform into the canonical frame then Ω∗∞ = ω ∗1 , and from (6.33-6.34)
Q∗∞ can be written explicitly in terms of π∞ = (pT , 1)T and Ω∗∞ as

"
Q∗∞ =

I|0

#"

−π∞ T
"

=

Ω∗∞ 0
0T

Ω∗∞

#"

I|0
−π∞ T

0

−Ω∗∞ p

#T
(6.35)

#

−pT Ω∗∞ pT Ω∗∞ p

.

By using (6.33) or (6.35) it is clear that, if we make the choice of reference frames explicit,
then 8 parameters are sufficient to define HM . We refer to these as reduced parameterizations.
If one further assumes that there is zero skew, aspect ratio is unity, and that the principal
point is known, then focal length is the only unknown element of K1 or Ω∗∞ , and hence we can
reduce the parameterization to just 4 numbers. We refer to this as a constrained parameterization. A constrained parameterization is possible in the linear case as well [Pollefeys et al.,
1998]. Multiplying out (6.35), we obtain

Q∗∞



f12

0

0

f1 vx





=



0

f12

0

f1 vy

0

0

1

vz



,



f1 vx f1 vy vz vx2 + vy2 + vz2

(6.36)

where v = (vx , vy , vz )T . Thus, the constrained linear parameters can be taken as


Q∗∞

a 0 0 b





 0 a 0 c 

=
 0 0 1 d .


b c d e

(6.37)

Note that e = (b2 + c2 )/a + d2 would not be strictly enforced by a linear estimate, but is
required for consistency (rank 3 and semidefinite).
It should be noted that there is a significant cost to using the constrained parameterizations,
because even when the true configuration satisfies the constraint assumptions, the projective
reconstruction does not. Therefore, it is incorrect to assume that there will exist a rectifying
homography that causes the constraints to be satisfied.
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6.5.2

Linear Method

Given certain constraints on the calibration matrices, it is possible to form linear constraint
equations on Q∗∞ . For example, one can typically assume that the image is not skewed or
stretched and that the center of projection is in the center of the image. From these particular
assumptions, (6.16) provides 4 linear constraints on Q∗∞ for each view [Pollefeys et al., 1998]
that are given by






Pj Q∗∞ PjT
Pj Q∗∞ PjT
Pj Q∗∞ PjT
Pj Q∗∞ PjT


11
12
13
23



= Pj Q∗∞ PjT

22

(6.38)

=0

(6.39)

=0

(6.40)

= 0.

(6.41)

A linear estimate is straight-forward to compute using the singular value decomposition of
the constraint matrix, using either the general symmetric or constrained (6.37) parameterizations. The equations can optionally be weighted to enforce certain constraints more strongly.
However, it should be noted that the weights do not exactly correspond to the parameters they
are intended to constrain in the presence of noise.
We have noticed that the linear solution is not invariant, and in fact highly sensitive to the
projective ambiguity. This motivates a simple extension whereby one perturbs the reconstruction by arbitrary homographies and re-attempts the linear autocalibration, keeping track of the
solution with the lowest error. We have found that this adds a great deal of robustness to the
algorithm when dealing with small numbers of views, and it is worthwhile to mention for its
simplicity. We refer to this as a linear distortion search.

6.5.3

Nonlinear Method

The linear method has many weaknesses; the weights do not directly correspond to the parameters they are intended to, internal constraints (ie, rank, positive-semidefinite) cannot be
enforced, and it only works when principle point is known exactly (and assumed zero), and it is
quite sensitive to this assumption. The nonlinear method overcomes these issues by minimizing

m
X
j=1

ω ∗j
Pj HĨHT PjT
−
kω ∗j k
Pj HĨHT PjT

2

,

(6.42)

where the Frobenius norm has been used to remove the scale ambiguity [Pollefeys et al., 1998;
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Hartley and Zisserman, 2004] (this is more effective than dividing by the lower right element,
which tends to create a bias towards lower focal lengths). The free parameters must parameterize H and all of the ω ∗i ’s. Note that by explicitly parameterizing by H, all of the rank and
positive-semidefinite constraints of Q∗∞ are easily accounted for.

6.5.4

Stratified Method

The basic idea of the stratified approach [Pollefeys and Gool, 1997; Pollefeys and Van Gool,
1999; Hartley et al., 1999; Hartley and Zisserman, 2004] is to do a brute force search for π∞ ∈ R3
first. It turns out that if π∞ is exactly known, there is a linear algorithm for estimating ω ∗ , and
these two entities combined define HM . Given a candidate homography and a heuristic measure
of error, the homography that minimizes this error can be selected.
The method for calculating Ω∗∞ from π∞ is linear and relies upon the planar homography
between Ω∗∞ and the ω ∗j matrices. Once π∞ is known one can calculate the infinite homographies in (6.17), and thus each camera can be used to derive constraints on Ω∗∞ according to
(6.18).
In order for a brute force search for π∞ = (pT , 1)T to be possible we must first obtain a
finite bounding volume for p ∈ R3 . In a general projective reconstruction, π∞ could be literally
anywhere, and it usually can be found slicing its way through the reconstructed point cloud,
causing the point cloud to be distributed from one end of infinity to the other.
The first step is upgrading the reconstruction to quasi-affine, which involves multiplying
points and cameras by −1 until the projective depths of all points in all views is positive. In
a quasi-affine reconstruction π∞ is guaranteed to not cut through the point cloud. In an affine
reconstruction, the plane at infinity is in its proper place π∞ = (0, 0, 0, 1)T , and we call this a
quasi-affine reconstruction because π∞ is at least outside of the point cloud.
From a quasi-affine reconstruction, chirality constraints can be solved in order to obtain
a “strong” quasi-affine reconstruction, in which all points are in front of all cameras. At this
point it is important to normalize the principal components of the point cloud for numerical
stability, otherwise the entire point cloud will appear to happily live embedded in a plane in
R3 . Finally, the chirality constraints can be solved to obtain bounds on each parameter of the
plane at infinity.
Two alternative sets of constraints for estimating Ω∗∞ were suggested in [Hartley and Zisserman, 2004, alg 19.2], one based on assuming zero skew and the other based on assuming
constant calibration matrices. One of the biggest advantages of the stratified approach is that
one can linearly estimate ω (the inverse of Ω∗∞ ) using
ω j ∝ Hj∞

−T

117

ωHj∞

−1

(6.43)

based only on an assumption of zero skew, whereas the linear estimation of Q∗∞ requires knowledge of the principal point. However, there is an inconsistency in the method based on constant
calibration matrices, and we prefer to use more than just a zero skew constraint.
If one assumes constant calibration matrices (up to scale), then Ki ∝ Kj
implies that

ω ∗i

∝

ω ∗j

∀ij, which

∀ij. In other words, the assumption is that calibration matrices for

each camera in the reconstruction should be equal when in the metric frame.
However, this does not imply that all projections of Q∗∞ should be equal – only the projections of Q∗∞ by the metric rectified cameras should be equal. In particular, Ω∗∞ 6= ω ∗j . This is
T

obvious if one considers the metric frame, in which Ω∗∞ = I but ω ∗j = Kj Kj . Only when one
of the estimated cameras in the current projective frame has the canonical form of Pj = [I|0]
can we say that Ω∗∞ = ω ∗j .
Because the algorithm in [Hartley and Zisserman, 2004, alg 19.2] calls for a normalizing
transform after the quasi-affine upgrade (which we find is quite necessary for numerical stability), no camera can be assumed to have canonical form, yet the algorithm still incorrectly
assumes Ω∗∞ = ω ∗j .
We correct for this inconsistency here and show how constancy constraints can still be used.
Using Hartley’s parameterization (6.10), ω j expands to


αy2


ωj = 

−sαy

−uαy2 + vsαy



αx2 + s2

αy su − αx2 v − s2 v


.

sym

αx2 αy2

+

αx2 v 2

+ (αy u −

sv)2

(6.44)

Because scale is irrelevent, the parameterization of ω may assume ω3,3 = 1 so that only 5
numbers are needed (as opposed to the 6 used in [Hartley and Zisserman, 2004, alg 19.2]). We
will also require 1 parameter for each constant value (c1 , c2 , . . . ).
A good set of constraints to use when all views come from the same physical camera are:
j
j
j
= c3 ), and
= c2 , ω2,3
= 0), constant but unknown principal point ( ω1,3
zero skew (ω1,2
j
j
= c ). Thus, we have 7
= c, ω2,2
constant but unknown focal length with unit aspect ratio (ω1,1

parameters and 5m equations for m views making a solution possible from 2 or more views. If
focal length is changing, then the latter two constraints can be replaced with a single constraint
j
j
for unit aspect ratio ( ω1,1
− ω2,2
= 0 ).

To summarize the stratified approach,
1. Multiply cameras and structure points by −1 as necessary to obtain a quasi-affine reconstruction.
2. Compute the convex hull of the set of points and camera centers.
3. Solve a LP problem to find a suitable location for π∞ that satisfies all chirality constraints
to obtain a strong quasi-affine reconstruction.
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(a)

(b)

(c)

(d)

Figure 6.8. Example 2D slices through the 3D cost-volume associated with the location of π∞ . The red tinted
area is rejected due to chirality constraints and the blue tinted area is rejected due to the positive-semidefinite
constraint of Ω∗∞ .

4. Solve the 6 LP problems to find a bounding volume for π∞ that contains all solutions
satisfying the chirality constraints.
5. Discretize and exhaustively explore the space. For each candidate position of π∞ ,
(a) Evaluate the chirality constraints against the convex hull points, and reject if they
are not all satisfied.
(b) Linearly estimate Ω∗∞ (via ω) using the assumptions of zero skew, aspect ratio of
unity, constant unknown principal point, and (optionally) constant focal length.
(c) If Ω∗∞ is not positive-semidefinite, reject the solution.
(d) Evaluate the desired objective (eg, prior probability, least squares residual, or constrained likelihood), and record the solution if it is minimal.
It is not necessary to compute the convex hull points, but this reduces the time complexity
of the rejection test in the brute force search, which may be important if using an extremely
fine discretization or if there are a large number of structure points.
Some example cost surfaces produced using the stratified approach with the least squares
residual heuristic are shown in Fig. 6.8. These graphs show that the cost surface is actually
rather smooth, meaning that a brute force stratified search is not really well justified. We do
not know how to reconcile these results with the chaotic landscapes observed in [Hartley et al.,
1999] for the same problem.

6.5.5

Dual Stratified Method

In the regular stratified approach, one searches for π∞ and uses a linear algorithm to infer
the remaining parameters – namely, K1 . The trouble with this approach is that π∞ could lie
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anywhere in P 3 , and hence it is necessary to solve all those clumsy linear programming problems
to find real bounds on the parameters and then brute force search within that parameter space.
Even more troubling, however, is that the determination of the parameters of K are often illconditioned [Bougnoux, 1998], and hence it is not guaranteed that a linear estimation would
find good values for K even from the perfect choice of π∞ .
In fact, a completely uninformed guess as to the parameters of K is sometimes more accurate
than solving for those parameters. Skew can be assumed zero, the principal point in the center
of the image. The precise focal length is not known, but the practical range of focal lengths
is actually a tighter constraint than the uncertainty in estimation assuming the parameter is
free using the classic linear/nonlinear methods. Thus, even when focal length is unknown, one
can simply guess a value that is a reasonable estimate. However, metric structure cannot be
recovered until π∞ has also been found.
6.5.5.1

Linear Least Squares Solution

One naturally wonders if there is a direct algorithm for estimating π∞ = (pT , 1)T from known
K. Indeed, there was described in [Bougnoux, 1998] a linear least squares algorithm using
constraints from 2 or more views for estimating π∞ based on the assumption (or approximation)
that Ki are all equal, and using the reduced parameterization for H (6.35).
We re-derive that result here using more conventional notation. Let the parameters of any
general projective camera be given by P = [M|t] with

MT = [m1 |m2 |m3 ]

(6.45)

t = (t1 , t2 , t3 )T

(6.46)

Assuming that Ki = Kj ∀i, j and one of the cameras is canonical, this implies Ω∗∞ = ω ∗j , so
T

we just drop the subscripts on all these, and say that Ω∗∞ = Ki Ki . Thus,

Ω∗∞ ∝ PQ∗∞ PT
∝ PHĨ(PH)T

(6.47)
(6.48)

now using the reduced parameterization for H, we make the scale factor explicit as α and
expand (6.48) to
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T
αΩ∗∞ = MK + tvT MK + tvT

(6.49)

= MΩ∗∞ MT + tvT KT MT + MKvtT + ||v||2 ttT

(6.50)

Using the fact that Ω∗∞33 = 1, this allows us to write the scale factor explicitly as



α = MΩ∗∞ MT + tvT KT MT + MKvtT + ||v||2 ttT

33

∗
T
2 2
= mT
3 Ω∞ m3 + 2m3 Kvt3 + ||v|| t3

(6.51)
(6.52)

Now substituting (6.52) back into (6.50), we obtain

∗
T
2 2
∗
(mT
3 Ω∞ m3 + 2m3 Kvt3 + ||v|| t3 )Ω∞ =

(6.53)

MΩ∗∞ MT + tvT KT MT + MKvtT + ||v||2 ttT
which can be rearranged to

||v||2 (ttT − t23 Ω∗∞ ) = MΩ∗∞ MT + tvT KT MT + MKvtT
∗
∗
T
∗
− mT
3 Ω∞ m3 Ω∞ − 2m3 Kvt3 Ω∞

(6.54)

Because (6.54) is a symmetric 3×3 matrix equation, it gives 5 equations for ||v||2 (excluding
the lower right equation). These equations may be enumerated by any choice of i, j such that
i ∈ {1, 2} and j ∈ [i . . . 3],

||v||2 = (MΩ∗∞ MT + tvT KT MT + MKvtT


∗
∗
T
∗
T
2 ∗
− mT
Ω
m
Ω
−
2m
Kvt
Ω
)
/
tt
−
t
Ω
3 ∞ ij
3 ∞ 3 ∞
3
3 ∞

(6.55)
ij

∗
T T
T
= (mT
i Ω∞ mj + ti v K mj + mi Kvtj


∗
∗
T
∗
2 ∗
− mT
3 Ω∞ m3 Ω∞ij − 2m3 Kvt3 Ω∞ij )/ ti tj − t3 Ω∞ij

with some further rearrangements, we can isolate Kv,
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(6.56)
(6.57)
(6.58)

∗
T
T
||v||2 = (mT
i Ω∞ mj + ti mj Kv + tj mi Kv

(6.59)


∗
∗
∗
T
2 ∗
− mT
3 Ω∞ m3 Ω∞ij − 2Ω∞ij t3 m3 Kv)/ ti tj − t3 Ω∞ij



∗
T ∗
∗
= (mT
i Ω∞ mj − m3 Ω∞ m3 Ω∞ij +

(6.60)
(6.61)



T
∗
T
2 ∗
(ti mT
j + tj mi − 2Ω∞ij t3 m3 )Kv)/ ti tj − t3 Ω∞ij



(6.62)

One of these 5 equations can be substituted back into the other 4. It is probably best to
choose the equation which maximizes the divisor |ti tj − t23 Ω∗∞ij |. Let the indices of this chosen
equation be î, ĵ. Then, the remaining 4 equations after substituting are given by varying i, j in





tî tĵ −

t23 Ω∗∞ îĵ



∗
T ∗
∗
(mT
i Ω∞ mj − m3 Ω∞ m3 Ω∞ij

T
∗
T
+(ti mT
j + tj mi − 2Ω∞ij t3 m3 )Kv) =

∗
∗
t23 Ω∗∞ij − ti tj (mT
Ω∗ m − m T
3 Ω∞ m3 Ω∞ îĵ
î ∞ ĵ

(6.63)

− 2Ω∗∞ îĵ t3 mT
+ tĵ mT
+(tî mT
3 )Kv)
î
ĵ
Notice that these equations are linear in v and may therefore be solved using traditional
methods of linear least squares, with 4 equations being provided for each view beyond the first
(assuming the first view is canonical). If desired, π∞ can then be recovered from v according
to (6.34).
6.5.5.2

Closed Form Solution

It was later shown that, in the special case of 2 views, there is a unique closed form solution
that does not assume the calibration matrices are equal [Gherardi and Fusiello, 2010]. We will
derive this result below to correct for some ambiguities in the original publication.
Assume that the true metric calibration matrices K1 and K2 corresponding to the projective cameras P1 and P2 . If all four of these entities are accurate, then there should exist a
homography HM that satisfies

P1 HM ∝ K1 [R1 |t1 ]

(6.64)

P2 HM ∝ K2 [R2 |t2 ].

(6.65)

The first step is to transform so that the first projection matrix is canonical. We can always
find H such that
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P1 H = P01 = [I|0]

(6.66)

P02

(6.67)

P2 H =

= [Q2 |q2 ].

Specifically, a non-singular choice of H is given by
T
H = P+
1 [I|0] + C(0, 0, 0, 1) ,

(6.68)

where P1 C = 0. Using the reduced parameterization

"
H0M =

K1 0
v0T 1

#
,

(6.69)

we may relate P01 and P02 to their metric counterparts as

0
0
P0M
1 = P1 HM = K1 [I|0]

(6.70)

0
0
0T
P0M
2 = P2 HM = K2 [R2 |t2 ] = α[Q2 K1 + q2 v |q2 ],

(6.71)

where α is an explicit scale factor.
It is important to note the presence of this scale factor because the scale of K2 is fixed and
known, and this fixes the scale factor of the left hand side. The matrix P02 is treated as a known
value, but it’s scale was chosen arbitrarily, so this fixes the scale of the right hand side. Thus,
α is not a free parameter but rather an unknown constant value.
Continuing, (6.71) can be broken up into two equations,

K2 R2 = α(Q2 K1 + q2 v0T )
K2 t2 = αq2 .

(6.72)
(6.73)

Define the rotation R∗ such that

R∗

K−1
2 q2
= (1, 0, 0)T .
||K−1
q
||
2
2

Then we can rearrange and left multiply (6.71) by R∗ to get
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(6.74)

−1
T 0T
R∗ R2 = α R∗ K−1
2 Q2 K1 +α(||K2 q2 ||, 0, 0) v
|
{z
}

(6.75)

W



αw1T

0T
+ α||K−1
2 q2 ||v

αw2T


=


(6.76)




αw3T

Although we don’t know what α is, we do know that the left hand side is a rotation matrix,
and therefore so is the right hand side. For a rotation matrix, each row or column should have
unit magnitude. Thus, we are free to divide by the magnitude of the bottom row without
changing the truth of the above equation, and this cancels out the pesky scale factor,


R∗ R2 =

1 

||w3 ||

0T
w1T + ||K−1
2 q2 ||v

w2T
w3T



.

(6.77)

T
T
For any rotation matrix R, it holds that rT
1 = r2 × r3 , where ri is the ith row of R. Thus,

from the right hand side, we may obtain

0
w2
w3
w2 × w3
w1 + ||K−1
2 q2 ||v
=
×
=
||w3 ||
||w3 || ||w3 ||
||w3 ||2
w2 × w3
0
w1 + ||K−1
.
2 q2 ||v =
||w3 ||

(6.78)
(6.79)

Thus,

0

v =

w2 ×w3
||w3 || − w1
.
||K−1
2 q2 ||

(6.80)

Of course, v0 defines the remaining parameters of H0M , the transformation which takes the
transformed cameras P01 and P02 to metric. In the original reference frame, we must use

HM = HH0M .
Plugging (6.80) back into (6.76), it can be verified that
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(6.81)

α = 1/||w3 ||
t2 =
R2 =

6.6

(6.82)

K−1
2 q2 /||w3 ||
K−1
2 (Q2 K1 +

(6.83)
0T

q2 v )/||w3 ||

(6.84)

Experimental Methods

We compare the proposed maximum likelihood method against several other representive autocalibration algorithms by generating synthetic configurations and then projecting structure
points to obtain image points (a.k.a., image correspondences). The correspondences are corrupted by adding normally distributed noise, and then projective bundle adjustment is used
to find the maximum likelihood projective reconstruction. Finally, we use each autocalibration
algorithm to rectify the projective reconstruction and make an objective comparison to the true
configuration.

6.6.1

Objective Evaluation

A reconstruction includes structure points, camera poses, and intrinsic camera parameters. Due
to the large number of different types of parameters, identifying a good objective evaluation
can be challenging.
It is common to see autocalibration algorithms compared purely on the basis of how accurately specific intrinsic camera parameters have been reconstructed. However, each camera
has 5 intrinsic parameters, and the relative importance of each parameter is unclear, so there
is no objective way to combine the various intrinsic parameters into a single measure of reconstruction quality. One could report the error for each parameter independently, but usually
a reduction of the error in any one parameter forces an increase in the error of some other
parameter. Thus, there would still be no clear objective way for the reader to assess which
method was better.
A much more objective evaluation is to look at the structure of the reconstruction, because
all of the structure points and camera centers in a perfect reconstruction should be within a
similarity transformation of the true configuration. Therefore, when the true configuration is
known one can simply factor out this similarity transformation to align the two point clouds
and then measure the sum of squared distances between them. A linear solution for finding the
similarity transformation that minimizes sum of squared distance is given in Umeyama [1991].
We have observed that all autocalibration algorithms tend to have much higher error in the
reconstructed camera centers than in the reconstructed structure point cloud. Therefore, we
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use only the structure point cloud to compute the alignment, and then use the mean squared
error of reconstructed camera centers as the objective error. Any error in the intrinsic camera
parameters necessitates shifting the camera center to compensate (e.g., a reduction in focal
length moves the cameras closer), and thus by measuring error in camera center we obtain a
truly objective measure of reconstructed camera accuracy that is independent of the specific
objectives being optimized by the autocalibration algorithm.

6.6.2

Experiments

We generate random configurations with 2000 structure points distributed uniformly on the
surface of a cube of width 100 centered at the origin. There are 10 cameras arranged on a circle
of radius 1500 at 10◦ increments, with a positional jitter of ±10, looking at a random point
in a cube of width 40 centered at the origin. All cameras have a constant focal length in the
range of 600-800 (relative to an image size of 640 × 480), zero skew, unit aspect ratio and zero
principal point.
For each level of noise, we generate a set of 100 random configurations, project the image
points and perturb with additive gaussian noise using σ = 0, σ = 1, or σ = 3 pixels. Then we
run projective bundle adjustment to obtain the maximum likelihood projective reconstruction
and attempt autocalibration.
The case of zero noise is not realistic, but validates that the algorithms have been implemented correctly. The case of σ = 1 represents a realistic level of noise for a typical subpixel
matching algorithm after outliers have been removed using MLESAC [Torr and Zisserman,
2000] or some other variation of RANSAC [Fischler and Bolles, 1981]. The case of σ = 3 represents a larger level of noise that might be obtained by using less accurate multi-scale features,
such as SIFT [Lowe, 1999] features.
For each algorithm and for each noise level, we computed the Empirical Cumulative Distribution Function (ECDF) of the objective error measure after autocalibrating all 100 configurations.

6.7

Results

For the unrealistic case of σ = 0 (i.e., the when there exists a homography that exactly rectifies
the projective solution with no noise), we found that all methods performed extremely well,
with the bulk of objective error (as described in Section 6.6.1) being approximately in the range
of 10−27 to 10−15 for all algorithms. Because the stratified and dual stratified algorithms use
discretized searches, their precision was worse before nonlinear improvement.
The ECDFs at a more realistic noise level of σ = 1 pixel are shown in Fig. 6.9. Here we see
that many of the previous algorithms have difficulty achieving robust and accurate results. It
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is clear that our ML+R and ML algorithms have superior precision and robustness to all of the
other algorithms compared. The DS algorithm is a close runner up about 85% of the time, but
gives unstable results the remaining 15% of the time. Surprisingly, the nonlinear improvement
actually tends to worsen the DS algorithm at this level of noise, which we speculate is due to
inherent ability of the DS algorithm to guarantee that at least two cameras have calibration
matrices that meet our expectations, whereas the nonlinear method has the potential to diverge.

Performance at Realistic Noise Level
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Figure 6.9. Empirical cumulative distribution of camera errors from 100 random configurations using each method
of autocalibration. The initial projective reconstruction is obtained by projective bundle adjustment from image
point measurements with normally distributed noise having σ = 1.0 pixels. The x-axis uses a log-scale for x > 50.

We show the ECDFs at a larger noise level of σ = 3 pixels in Fig. 6.10. At this high level of
noise, the DS algorithm becomes very unreliable. Only our ML and ML+R algorithms continue
to provide robust results, and the benefit of the final resectioning stage is more pronounced.
In Fig. 6.11, we evaluate autocalibration performance of the ML method at σ = 1 using
2,3,4,5,6 and 10 views. We have plotted the median error with interquartile range (IQR), and
both asymptotically approach zero as the number of views increases, demonstrating stability
for larger problems.
Although the ML+R method performs slightly better it is omitted from Fig. 6.11 for clarity
because the median performance is almost the same. It should also be noted that lower error
could be achieved with the same number of views by using a wider baseline, moving the points
closer to the cameras, or reducing the added noise.
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Performance at Exaggerated Noise Level
(100 trials, σ = 3.0 pixels)
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Figure 6.10. Empirical cumulative distribution of camera errors from 100 random configurations using each
method of autocalibration. The initial projective reconstruction is obtained by projective bundle adjustment
from image point measurements with normally distributed noise having σ = 3.0 pixels. The x-axis uses a
log-scale for x > 50.

We demonstrate the runtime performance of our ML and ML+R autocalibration algorithms
in Fig. 6.12, using constraints on aspect ratio, skew and principal point during the resectioning
step. The timings are shown with 95% confidence intervals from 25 repetitions, and indicate
that performance scales linearly with the number of views. Runtime is about 1.2 seconds for
1000 points in 64 views using the ML method, or 6 seconds when using the ML+R method, on
a Core i7 920 processor.
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Figure 6.11. Objective autocalibration performance using 2,3,4,5,6 and 10 views at σ = 1. The median of 10
trials with interquartile range is plotted.

Autocalibration Runtime (1000 points, σ = 1 pixels)
7

Runtime (sec)

6

ML
ML+R

5
4
3
2
1
0
24 8

16

32
Number of views

64

Figure 6.12. Runtime performance of ML and ML+R autocalibration routines, shown with 95% confidence
intervals from 25 repetitions. Performance scales linearly with the number of views.

6.7.1

Examples on Real Data

In order to demonstrate our method on real data we obtained some reconstructions that were
created using existing structure from motion systems. We will show that the method is general
enough to be applied on any type of problem, such as a photo collection from different cameras,
a photo collection from the same camera, and a video reconstruction. Our general approach
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is to take an existing metric reconstruction and then apply projective bundle adjustment to
corrupt it, giving us a ML projective reconstruction from which we attempt autocalibration.
We have not used any metric bundle adjustment to improve the results.
It should be noted that this is a much more realistic test of autocalibration than simply
multiplying an existing metric reconstruction by an arbitrary homography and then trying to
recover this homography; as we have shown in the results section, all of the tested algorithms
are capable of solving that problem extremely well. The difficulty in autocalibration is entirely
due to the violation of metric constraints during projective bundle adjustment.
The success of an autocalibration algorithm can be assessed visually by looking at the reconstructed point cloud (Fig. 6.13). The point cloud of an arbitrary projective reconstruction
(e.g., as obtained after projective bundle adjustment) is unbounded (Fig. 6.13b), and it is impossible to discern any meaningful structure. If π∞ has been identified approximately correctly
but Ω∗∞ has not, then the convex hull will be bounded but the reconstruction will appear with
a roughly affine skew as in Fig. 6.13c, and this is called a quasi-affine reconstruction. On the
other hand, if Ω∗∞ is identified correctly but π∞ is not as in Fig. 6.13e, then the reconstruction
will be unbounded and typically have a ‘bow-tie’ shape that spans from −∞ to ∞, with some
discernible structure near the origin. Only in a metric reconstruction are straight lines and
angles preserved, and thus it is easy to identify a correct autocalibration of a cube, as computed by our ML algorithm in Fig. 6.13d, by observing 90◦ angles between adjacent faces. It is
important to note that beyond correcting for an overall warping factor, autocalibration cannot
be expected to remove noise from the individual structure points or camera positions.

(a)

(b)

(c)

(d)

(e)
Figure 6.13. Example point clouds viewed from the top. (a) Points on the surface of a cube in the true configuration without noise. (b) A subset of the (unbounded) ML projective reconstruction after bundle adjustment.
(c) A partially successful autocalibration has obtained a quasi-affine reconstruction where at least π∞ does not
intersect the convex hull. (d) A successful autocalibration is visually identified by preserving right-angles. (e) A
failed autocalibration attempt where π∞ intersects the convex hull, sending reconstructed points to infinity and
producing a characteristic ‘bow-tie’ shape.
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Figure 6.14. Autocalibrated reconstruction from a collection of 5,514 web photos (taken by different cameras)
of Brandenburg Gate in Berlin, Germany. The reconstruction by Frahm et al. [2010] consists of 19,963 structure points (black dots), and cameras are shown as red pyramids. Some representative images used in the
reconstruction are shown along the bottom.

In our first example, we used a reconstruction of Brandenburg Gate in Berlin, Germany that
has been reconstructed by Frahm et al. [2010] from a collection of 5,514 photos gathered from
the internet. The reconstruction consists of 19,963 structure points and has a total of 1,006,741
observations.
We obtained a ML projective reconstruction from the original measurements by using bundle
adjustment and then autocalibrated using our ML+R method assuming zero skew and aspect
ratio, to yield a metric reconstruction with mean squared reprojection error of 0.79 pixels
(relative to 1000 × 1000 pixel images). A view of the reconstruction after our autocalibration is
shown in Fig. 6.14, and does not appear to suffer from any overall distortion, indicating that
autocalibration was successful.
The next example is a reconstruction of the Piazza dei Signore in Verona, Italy that was
reconstructed by the SAMANTHA [Farenzena et al., 2009] pipeline from a collection of 1144 ×
856 photos taken by the same physical camera. The reconstruction consists of 2971 structure
points, 39 views, and had an initial mean squared reprojection error of 0.330401 pixels which was
reduced to 0.253106 after our projective bundle adjustment. We autocalibrated using our ML
method, assuming a search range for focal length in the range of 1-3 screen widths, and initially
assumed a principal point at (572, 428) (the center of the image) for the dual-stratified search.
After the nonlinear improvement, the principal point was corrected to (554.836, 452.762). After
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Figure 6.15. Autocalibrated reconstruction from a collection of photos (taken by the same camera) of the Piazza
dei Signore in Verona, Italy. The reconstruction is shown from a top down orthographic perspective. The
reconstruction by Farenzena et al. [2009] consists of 39 views and a total of 2971 structure points. Some images
from representative views are shown along the bottom (the aerial view was not used in the reconstruction and is
presented only for reference).

factoring out the similarity transformation, the mean squared difference between the structure
points in our metric rectified reconstruction and the original was just 2.734 26 × 10−5 , which
agrees quite closely with the original. An orthographic view of the reconstructed point cloud
after our autocalibration is shown from a top down perspective in Fig. 6.15, where it can be
verified from the density of points on the vertical walls that they are parallel.
Finally, we demonstrate autocalibration of a video reconstruction that was made by [Clipp
et al., 2010] using a parallel real-time visual SLAM method. This reconstruction consists of a
total of 23 keyframes that were selected out of a 300 frame video with a resolution of 1224 ×
1024. There are a total of 1,473 structure points and 17,077 observations. The mean squared
reprojection error of the reconstruction was 4.78 pixels, which we reduced to 0.529021 pixels
using our projective bundle adjustment. Then we autocalibrated using our ML+R method
assuming constant focal length, constant principal point, zero skew, and zero aspect ratio,
which raised the mean square reprojection error only slightly to 0.530253 pixels. A view of the
reconstruction after our autocalibration is shown in Fig. 6.16.
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Figure 6.16. A view of the point cloud of the autocalibrated reconstruction from a video reconstruction with 23
views, 1,473 structure points and 17,077 observations by Clipp et al. [2010]. Some representative views are shown
along the bottom. The approximate location of the scene elements was determined based on point elevations
and is pictured here using opacity mapped squares for reference.

6.8

Conclusions

It has been thought that likelihood cannot be exploited during autocalibration because multiplication by any homography does not change reprojection error, and all previous autocalibration
algorithms have instead opted to minimize various heuristics based on manipulating the algebraic constraints that arise based on the assumption of zero skew, unit aspect ratio, or constant
principal point/focal length. However, these heuristic cost functions are unstable because even
the ideal ML projective reconstruction is not exactly within a homography from a true metric
reconstruction.
We have shown that by taking into account metric constraints, a likelihood can be associated with any homography, thereby allowing one to seek the maximum likelihood rectifying
homography. The ML homography can be found reliably by using a dual-stratified initialization
followed by nonlinear improvement, and this method is more robust and accurate than any of
the other algorithms we have tested for both small and large problems.
The advantages of maximizing likelihood as opposed to minimizing some arbitrary heuristic
are many. First, the solution is invariant to the initial projective ambiguity; unlike all previous approaches, the projective reconstruction can be multiplied by any homography without
changing the ML rectified result. Second, it is very robust to noise because it minimizes reprojection errors, which are geometrically meaningful. Third, because the error is geometrically
meaningful, it is simple to incorporate early termination for improved performance whenever
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a reasonable error tolerance has been met. Fourth, likelihood can be used as an objective
way to compare the performance of various autocalibration algorithms when a ground truth
reconstruction is not available. And finally, it does not require any configuration-dependent
weighting coefficients.
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Chapter 7

Bundle Adjustment
Consider a set of n homogeneous structure points X̄i , i = 1 . . . n in the projective space P3 ,
viewed by a set of m cameras having 3 × 4 projection matrices P̄j = K̄j [R̄j |t̄j ], j = 1 . . . m,
where R̄j is a rotation matrix and K̄j is a non-singular upper triangular calibration matrix
with positive diagonal elements. We refer to the combined set of this information as the true
configuration, denoted by

Θ̄ = { X̄i , P̄j |∀i, j },

(7.1)

b of the configuration from some measurements as a reconstruction of the
and any estimate Θ
configuration.
The perspective projection of a homogeneous structure point X ∈ P3 as viewed by a camera
with projection matrix P is accomplished by multiplication, yielding a homogeneous image
point x ∈ P2 ,
x ∝ PX.

(7.2)

Let the measured coordinates of the image of the ith structure point in the jth image be
denoted by x̃ji . If we assume, as is commonly done [Hartley and Sturm, 1997], that measurement
error is normally distributed with standard deviation σ, then the probability (or likelihood) of
a measurement is
P (x̃ji |Θ̄) =



1
j
j 2
2
exp
−d(x̃
,
x̄
)
/(2σ
)
,
i
i
2πσ 2

(7.3)

where x̄ji is the true image of X̄i in the jth view, and d(a, b) is the Euclidean distance between
the inhomogeneous points represented by homogeneous points a and b. The log-probability of
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a measurement is
log P (x̃ji |Θ̄) = −


1
j
j 2
2
d(x̃
,
x̄
)
+
log
1/(2πσ
)
,
i
i
2σ 2
|
{z
}

(7.4)

constant

b M L from measurements
and therefore the maximum likelihood (ML) projective reconstruction Θ
{x̃ji } is given by

b M L = argmax
Θ
Θ

Y

P (x̃ji |Θ)

1 X
d(x̃ji , xji )2
2
2σ
Θ
i,j
X
j
= argmin
d(x̃i , xji )2 .
= argmax −

Θ

(7.5)

i,j

(7.6)
(7.7)

i,j

The distance d(x̃ji , xji ) is known as reprojection error, so the ML reconstruction is the one
that minimizes the sum of squared reprojection errors. This nonlinear minimization is known
as bundle adjustment [Triggs et al., 2000; Hartley and Zisserman, 2004; Lourakis and Argyros,
2004].

7.1

Parameterization

Bundle adjustment is a very generic term that refers to any method of nonlinearly minimizing
reprojection errors. Generally the reconstruction is parameterized by a set of 3-dimensional
points and a set of cameras, but depending on the way that cameras are parameterized the
method can have very different uses. The most fundamental dichotomy is between projective
and metric parameterizations.

7.1.1

Projective

In projective bundle adjustment, points are parameterized as homogeneous 4-vectors X ∈ P3 ,
and each camera view is parameterized by an unconstrained 3 × 4 projection matrix. In this
case the partial derivatives are simple to evaluate analytically and the linearized approximation
is fairly good, leading to an efficient algorithm with a wide basin of attraction.
However, one usually has knowledge of many other constraints which are not enforced by
the projection matrices, such as known aspect ratio, lack of image skew, known principal point,
or constant intrinsic parameters between views that are taken by the same camera. These may
be regarded as metric constraints.
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Multiplying a projective reconstruction by a homography does not change reprojection error, and therefore the result of projective bundle adjustment will also be ambiguous up to
multiplication by an arbitrary homography. Autocalibration is an attempt to resolve this homography in a second phase by using the previously neglected metric constraints. However, an
autocalibrated solution will still never be able to satisfy the metric constraints exactly.

7.1.2

Metric

In metric bundle adjustment, points are parameterized by inhomogeneous 3-vectors X ∈ R3 ,
and cameras are parameterized by their pose (a rigid motion) as well as some set of calibration
matrices.
Calibration matrices are parameterized only by their unknown elements; generally, aspect
ratio, skew and possibly principal point are known, so that focal length is the only unknown
element of a calibration matrix. Views that are known to be taken by the same camera should
share the same calibration parameters in the parameterization.
The rotational aspect of camera pose can be parameterized minimally using a 3-vector for
axis-angle using Rodrigues’ rotation formula [Hartley and Zisserman, 2004, p. 585], or as a
4-vector quaternion. The advantage of using the axis-angle parameterization is that it leads to
a slightly smaller system of equations that can be solved more quickly. However, the partials
are more complex to calculate analytically, and there is a singularity at (0, 0, 0) that can lead to
division by zero or cause instability when a rotation is near this singularity. Using quaternions
there is no singularity, and the partials come out simpler and have more redundant terms
allowing them to be analytically computed more easily.

7.2

Generic Nonlinear Minimization

Having decided upon a parameterization, minimization can be accomplished as a generic model
fitting problem using traditional nonlinear least squares. The measured image points (correspondences) define the observation vector Y, and the transformation function f (X) is simply
perspective projection. The objective is to find the parameter vector X such that f (X) ≈ Y.

7.2.1

Gradient Descent

Defining the residual as  = f (X) − Y, then there is always a unique solution that minimizes
S(X) = ||||2 , the sum of squared errors. The gradient of S(X) is given by
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∂
∂ 
S(X) =
(f (X) − Y)T (f (X) − Y)
∂X
∂X


∂f (X) T
(f (X) − Y)
=2
∂X
= 2JT ,
where J =

∂f (X)
∂X

(7.8)
(7.9)
(7.10)

is the Jacobian of f . Taking a sufficiently small step in the direction of the

gradient will therefore reduce the error, suggesting an update rule of

X ← X − λJT ,

(7.11)

for some sufficiently small step size λ. Applying this update equation, with some constant value
or automatic method (e.g., line search) for choosing λ, is known as the method of gradient
descent.

7.2.2

Gauss-Newton Method

An alternative to gradient descent is to take the step that would take a linearized approximation
of the error to zero. The first-order approximation of f at P + δ is given by

f (P + δ) ≈ f (X) + Jδ,

(7.12)

and substituting this into the objective function S(X) yields a first order approximation of the
objective at a slightly offset point,

S(P + δ) ≈ ||f (X) + Jδ − Y||2 .

(7.13)

At the minimum of S(X) the gradient will be zero. Therefore, by taking the derivative of
(7.13) and setting it to zero, one obtains a set of equations that can be used to solve for the
update δ. Ignoring second-order terms, this gives
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∂
 − Y T (f (X) + Jδ − Y)
f (X) + 
Jδ
∂X
= 2JT (f (X) + Jδ − Y)

0=

= 2JT (Jδ + )

(7.14)
(7.15)
(7.16)

JT Jδ = −JT 

(7.17)

These are known as the normal equations, and can be solved using any method of linear least
squares (SVD, Cholesky decomposition, QR factorization, LU decomposition, matrix inverse,
etc).
Iterative application of (7.17) is called the Gauss-Newton method [Nocedal and Wright,
1999], and results in very fast convergence when S(X) is well approximated by a first or second
order function. However, the update is not guaranteed to result in improvement, and the
method can easily diverge or become stuck in a local minima when the first order approximation
is particularly poor.

7.2.3

Levenberg-Marquardt

Levenberg [Levenberg, 1944] modified the normal equations by adding a damping term λI,




JT J + λI δ = −JT .

(7.18)

When λ is very small then (7.18) becomes identical to (7.17). On the other hand when λ is
very large, the system becomes approximated by λδ = −JT  and the update rule becomes

X←X−

1 T
J ,
λ

(7.19)

which is equivalent to (7.11) using 1/λ.
Rather than doing a line search for λ, it can be determined adaptively. In typical implementations λ is initialized to be 10−3 times the average diagonal element of JT J. On each update
that leads to a reduction of the error, λ is divided by 10 before the next iteration. Otherwise
the update is rejected and λ is multiplied by 10 [Hartley and Zisserman, 2004]. Thus, each
iteration of (7.18) moves seamlessly between Gauss-Newton, which has rapid convergence when
the linearized approximation works very well, and gradient descent, which guarantees moving
in the right direction when the Gauss-Newton method fails.
Marquardt [Marquardt, 1963] provided the insight that each component of the gradient can
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be scaled according to the curvature so that there is larger movement along directions where
the gradient is smaller, in order to avoid slow convergence in the direction of small gradient.
Therefore, Marquardt replaced the identity damping matrix from (7.18) with the diagonal of
JT J,




JT J + λ diag JT J δ = −JT .

(7.20)

Iterative application of (7.20) is known as the LevenbergMarquardt (LM) algorithm, and is
the preferred method for minimizing most nonlinear optimization problems in this work. See
Algorithm 3 for pseudo-code.
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Algorithm 3 Generic Levenberg-Marquardt
Require: A solution X having error start .
Ensure: An improved X having  ≤ start
1:

badSteps ← 0

2:

 ← start

3:

λ ← 0.01

4:

loop

5:

L ← JT J

6:

R ← −JT E

7:

test ← ∞

8:

badSteps ← 0

9:

repeat

10:

Ltest ← L + λ diag L

11:

Solve Ltest δ = R for δ

12:

Xtest ← X + δ

13:

test ← evaluate(Xtest )

14:

if test ≥  then

15:

badSteps ← badSteps + 1

16:

if badSteps > maxBadSteps then
return 

17:
18:

end if

19:

λ ← 10λ
end if

20:
21:

until test < 

22:

X ← Xtest

23:

 ← test

24:

λ ← 0.3λ

25:

end loop

7.3

Performance Optimizations

Straight-forward application of (7.20) is computationally impractical for most bundle adjustment problems due to the large number of parameters involved. In the projective bundle
adjustment problem, for a reconstruction with m views and n points, the Jacobian J is 2mn ×
3n + 12(m − 1).
For example, a modest reconstruction of 25 views and 800 points per view would therefore
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have 60,288 parameters, and this would require solving a 60, 288 × 60, 288 linear least squares
system for each nonlinear update. Solving an n × n linear least squares problem is an O(n3 )
problem, and it could easily take hundreds of updates to converge.
For systems of this size, even forming the linear equations, let alone solving them, can be
computationally impractical when done naively. Thus, in order to make the problem tractable
it is imperative to consider sparsity whenever possible.

7.3.1

Sparsity due to Projection Independence

Because the observation vector consists of measured image points in each view, the projections
into one view are largely independent from the projections into another view. In the case of
projective bundle adjustment, projection matrices are treated as being completely independent.
In the metric case, there may be a shared focal length, but otherwise camera pose is still
independent. This results in a sparse structure of the normal equations which can be naturally
partitioned as

"

U

W

WT

V

#"

δP

#

δS

"
=

P
S

#
,

(7.21)

where δ P is the update vector for all the camera parameters and δ S is the update vector for all
the structure points.
The number of structure points n is typically much larger than the number of cameras
m. For example, if there are 600 new feature points spotted in each image, then n ≈ 600m.
The number of parameters per camera ranges from 6 to 12 depending on the parameterization.
Thus, for m = 100, we could expect U is roughly 1000×1000 and V is roughly 180000×180000.
Linear least squares methods require O(n3 ) flops to solve an n × n system [Golub and
Van Loan, 1996a]; thus, naively solving (7.21) directly would require about 7 × 1015 flops per
iteration (for m = 100). However, reasonable performance can be achieved by taking advantage
of the inherent sparsity. For example, after multiplying both sides of (7.21) by

"

I −WV−1
0

I

#
,

(7.22)

one obtains a much smaller system to solve for δ P ,

(U − WV−1 WT )δ P = P − WV−1 S .
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(7.23)

In any bundle adjustment problem, V is symmetric positive-semidefinite and block diagonal.
Thus its inverse can be easily computed as a series of symmetric 3 × 3 inverses.
Once (7.23) has been solved, the other half of the solution is given by back substitution,
which simply requires multiplication using the already computed V−1 ,

WT δ P + Vδ S = S

(7.24)

δ S = V−1 (S − WT δ P ).

(7.25)

This decomposition is frequently used in modern implementations [Hartley and Zisserman,
2004; Engels et al., 2006].

7.3.2

Sparsity due to Feature Visibility

The matrix U is also symmetric positive-semidefinite, and if the parameters of each camera are
independent, then it is also block-diagonal. If the feature tracks are sparse then W is mostly
sparse with vertical banding wherever a structure point is visible in a particular view. When U
is block diagonal and W is banded, then U − WV−1 WT will have a sparse skyline structure.
In this case, the most efficient way to solve (7.23) is to use a custom LDLT decomposition for
skyline matrices [Golub and Van Loan, 1996a], because the skyline sparsity will be preserved in
L, thereby keeping the time complexity proportional to the number of non-zero elements rather
than the overall size of the matrix. After decomposing as LDLT , a sparse-aware function can
be written for forward and back-substitution necessary to finish solving the system. Further
details are given in [Bathe and Wilson, 1976].
In practice, W will always be sparse for large problems. The only practical scenario in
which W would be fully dense is when bundle adjustment is used within a RANSAC [Fischler
and Bolles, 1981] framework to improve a linear estimate of the fundamental matrix or trifocal
tensor. However, as these problems only have two or three views, the system can still be solved
efficiently without taking advantage of the sparsity.

7.3.3

Alternation

The presence of any camera parameters that are shared between views will eliminate the sparse
structure in L when doing the LDLT decomposition. There will still be sparsity in U −
WV−1 WT that could be exploited to reduce the iteration over zero entries in the input matrix,
but the output will be fully dense.
In the projective case this could occur if one wanted to use a radial distortion coefficient. In
the metric case it would occur if any the views were taken by the same camera (and therefore
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share calibration parameters). In these situations, the most efficient way to solve (7.23) as
a dense system would be Cholesky decomposition [Golub and Van Loan, 1996a]. There is a
parallel Cholesky decomposition [Khazal and M.M.Chawla, 2004] that may be useful for larger
problems, but the overall time complexity quickly grows prohibitive.
Therefore, when there are globally shared camera parameters, we suggest using the method
of alternation; one would alternate by first solving for the global parameters while holding
all structure and remaining camera parameters fixed, and then switch and hold the global
parameters fixed while solving for the structure and remaining camera parameters. This will
restore the sparse structure allowing any remaining camera parameters (e.g., camera pose) to
be treated independently.

7.3.4

Parallel Computation

Due to the large size of matrices, the matrix multiplications necessary to construct (7.23) and
(7.25) also become computationally prohibitive if treated naively. In this section, we describe a
fully data parallel method for constructing and solving the linear system in five parallel bursts.
Taking advantage of the internal sparsity, we first write (7.23) and (7.25) using non-zero
sub blocks as

(U −

n
X

Wi Vi−1 WiT )δ P

P

= −

i=1

n
X

Wi Vi−1 Si

(7.26)

i=1



δiS = Vi−1 Si − Wi T δ P

(7.27)

These sub-blocks are related to the larger blocks by

W = [W1 | . . . |Wn ]

(7.28)

T

Wi = [Wi1 | . . . |Wim T ]T
P =
S =
δP =

T
T
[P1 | . . . |Pm ]T
T
T
[S1 | . . . |Sn ]T
T
PT T
[δ1P | . . . |δm
]



V=


(7.29)
(7.30)
(7.31)
(7.32)



V1
..


,


.
Vn

as shown in Fig. 7.1.
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(7.33)

W11

...

WN1
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W
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...
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(a)

(b)

Figure 7.1. Sparse structure of JTJT . (a) primary blocks of U, V, W on a generic bundle adjustment problem
having some global parameters; (b) sub-blocks on a bundle adjustment problem with no global parameters.
Non-zero blocks are colored in gray, and blocks that may be zero depending on visibility are cross-hatched.

Assuming that there are no global parameters (since these can be removed by alternation
when they exist), U can be broken down as



U=




U1
..


.


.

(7.34)

Um
The blocks in (7.28-7.34) can be constructed directly in terms of blocks in the Jacobian and
residual vector. Let Pji be the 2 × CamP arams matrix of partial derivatives of the projection
of the ith structure point into the jth image w.r.t each free parameter of the jth camera. Let Sji
be the 2 × 3 matrix of partial derivatives of the projection of the ith structure point in the jth
image w.r.t the coordinates of the ith structure point. Let Cj be the CamP riors×CamP arams
matrix of partial derivatives of the prior constraints on the jth camera w.r.t the free parameters
of the jth camera. Let ji be the 2 × 1 matrix of residual reprojection errors of the ith structure
point in the jth image and C
j be the CamP riors × 1 matrix of residual prior errors of the jth
camera. Then, we can write the non-zero blocks of (7.26) in terms of the non-zero blocks of the
Jacobian as
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Uj = CT
j Cj +

n
X

T

Pji Pji

(7.35)

i=1

Vi =

m
X

T

Sji Sji

(7.36)

j=1

Wij

T

= Pji Sji

C
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j j +

(7.37)
n
X

T

Pji ji

(7.38)

i=1

Si =

m
X

T

Sji ji

(7.39)

j=1

Note that we have omitted the LM damping factors here for notational simplicity, but they
are implemented simply by multiplying the diagonal elements of Uj and Vi by the LM scaling
factor.
The projection function may be simple perspective projection (e.g., according to the pinhole
projection model) or may also take into account some model for lens distortion, such as radial
distortion coefficients [Devernay and Faugeras, 1995; Wang et al., 2009], which may be treated
as additional intrinsic camera parameters. When dealing with a video, the radial distortion
can be estimated independently and then a more efficient option is to simply correct for radial
distortion from the image points in the feature tracks so that pinhole projection is used in all
subsequence calculations (such as bundle adjustment).
We compute each δiS in parallel during the back-substitution phase of (7.27). We also
construct the system in (7.26) as a series of independent matrix slices which we compute in
parallel. Specifically, if we define
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.
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m
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(7.41)

then the slices Li and Ri can be computed independently for each i. The multiplication Vi−1 Wi
can also be reused. Then (7.26) can be written as
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Thus, we can construct and solve the normal equations in five parallel bursts:
1. Parallel loop over i = 1 . . . n to compute the independent slices Li and Ri .
2. Parallel summation over i = 1 . . . n to accumulate

Pn

i=1 Li

and

Pn

i=1 Ri

(i.e., each thread

computes a partial sum, and the partial sums are finally added in series).
3. Parallel loop over j = 1 . . . m to add the effect of the priors for each camera to left and
right hand sides.
4. Solve (7.42) for δ P . This can be done, for example, using a custom LDLT routine for
skyline matrices if W is sparse, or a parallel Cholesky decomposition if it is dense.
5. Parallel loop over i = 1 . . . n to compute each δiS in (7.27).
We show a performance comparison of our parallel decomposition vs traditional singlethreaded bundle adjustment in Fig. 7.2. These tests were run on a Core i7-920 which has 4
hyper-threaded processors. It should be noted that in these tests we have solved (7.42) using
SVD which is not parallelized. Even so, using four threads we achieved roughly 3x speedup, and
using 8 threads (to take advantage of hyper-threading) we achieved roughly 4x speedup. The
ability to achieve 4x speedup on a 4 processor machine shows that our parallel decomposition
is quite effective.
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Figure 7.2. Performance comparison of our parallel bundle adjustment to conventional single-threaded bundle
adjustment. Both versions were run on a Core i7-920 which has 4 hyper-threaded processors.

7.4

Example Sparse Reconstructions

An example reconstruction computed from 33 views using the proposed methods is shown in Fig.
7.3. Note that although the views were rendered synthetically from a 3D model, correspondence
measurements were still identified automatically using the methods of Chapter 3 as if it were a
regular video from any other source.
The reconstructed points are color-coded according to the number of views they were triangulated from; red points were seen in just two views (and hence are less accurate), yellow points
were seen in three views, green points in four views, and blue points in five or more views.
As can be seen from the reconstruction, the camera arcs around a central object. At the
start of the video the field of view is 45◦ , which is reduced to 25◦ at maximum zoom, and then
begins to zoom back out again slightly. The reconstructed focal length can be seen visually
from the size of the triangles at each view position. A graph of the recovered field of view (after
the nonlinear transformation from focal length) is shown in Fig. 7.4.
Some example reconstructions from real data are shown in Fig. 7.5 and Fig. 7.6. Again,
the reconstructed structure points are color-coded according to the number of views they were
visible in.
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(a)

(c)

(b)

(d)

(e)

(f)

Figure 7.3. Sparse reconstruction of WeirdZoom. The camera rotates around a central object while zooming in
and out. Initially the field of view is 45◦ , which is reduced to 25◦ at maximum zoom, and then begins to zoom
back out again slightly. The reconstructed focal length can be seen visually from the size of the triangles at each
view position. (a) top view; (b) side view; (c) frame 0; (d) frame 16; (e) frame 28; (f) frame 40.
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Figure 7.4. Reconstructed field-of-view in WeirdZoom reconstruction. Field of view is obtained by transforming
the reconstructed focal length.
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(a)

(b)

(c)

(d)

Figure 7.5. Sparse reconstruction from DeskRecon. (a) reconstruction. (b) frame 1. (c) frame 9. (d) frame 17.
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(a)

(c)

(b)

(d)

(e)

Figure 7.6. Sparse reconstruction of Bouqet with 9 views and 1349 points. The images from one of the view
triplets is shown in (a,b,c), with 557 correspondences (a typical number).
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Chapter 8

Surface Reconstruction
The structure from motion (SfM) techniques discussed in previous chapters have focused on
building a reconstruction consisting of cameras and a set of structure points that correspond to
interesting feature points that were tracked through the images. These structure points were
integral for the purpose of deriving constraints on the relative pose of cameras, but they provide
only a very sparse representation of scene geometry.
In this chapter we discuss techniques of constructing a conventional texture mapped mesh
representation of the scene, beginning with a thorough survey of previous approaches (Section
8.1). Although surface reconstruction is not the focus of this work, we have implemented a
proof of concept system that is described herein.
The first step in our approach is to compute depth maps associated with each image (Section
8.2). Given the known camera poses, each pixel in a depth map can then be back projected into
a common 3D space to yield an extremely dense point cloud consisting of millions of points.
From this point cloud we reconstruct a surface mesh (Section 8.3) and then back-project the
images onto the surface mesh to reconstruct surface material (Section 8.3.1).

8.1

Background

The problem of reconstructing a dense scene representation from images taken by cameras
with known pose is one of the oldest and most widely studied problems in computer vision.
Essentially, this problem boils down to finding dense correspondences between images, because
any two corresponding points can be triangulated to yield a depth value. The field has roots
in the two related problems of stereo correspondence and optical flow.
In optical flow, the problem is to determine the motion field of pixels in video. In stereo
correspondence the problem is to determine the dense disparity map between two images taken
by a stereo camera. The only significant fundamental difference between these two problems
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is that in stereo correspondence the relative pose between cameras is assumed to be known,
allowing the search for correspondences to be restricted to epipolar lines, whereas this constraint
does not exist in the optical flow problem.
Because of the large degree of similarity between these two problems, it is unsurprising that
the literature under both umbrellas has converged to nearly identical matching algorithms. Both
typically attempt some global or semi-global minimization of an energy cost that is formulated
in terms of a matching cost and smoothness cost.
In the optical flow problem this has been done using variational methods [Bruhn and Weickert, 2006; Bruhn et al., 2005; Aubert et al., 1999; Cohen, 1993; Deriche et al., 1995; Nesi, 1993],
PDE-based methods [Alvarez et al., 1999; Weickert and Schnorr, 2001], Markov random fields
[Heitz and Bouthemy, 1993], diffusion [Proesmans, 1994], and various other methods [Black,
1991; Kumar et al., 1996; Nagel, 1983; Schnörr, 1994; Shulman and Herve, 1989]. Sometimes
a coarse-to-fine approach or image warping is used to improved robustness and efficiency, as in
Bruhn and Weickert [2006]; Anandan [1989]; Black and Jepson [1996]; Memin and Perez [2002];
Bruhn et al. [2005].
Increased accuracy has been obtained by using non-linearized models, as in Bruhn et al.
[2005]; Nagel and Enkelmann [1986]; Alvarez et al. [2000], and additional constancy constraints
beyond gray value constancy, such as constancy of the gradient [Uras, 1988; Tistarelli, 1994;
Bruhn et al., 2005], constancy of the Hessian, the Laplacian, the gradient norm, the Hessian
norm, and the determinant of the Hessian [Bruhn et al., 2005].
A good review of stereo correspondence algorithms is found in Scharstein and Szeliski [2002].
The first approach that attempts to minimize a semi-global minimization was dynamic programming on scanlines [Ohta and Kanade, 1985]. This approach finds a true global minimum but
only considers horizontal smoothness constraints, resulting in streaking. This approach has
been further developed in Scharstein and Szeliski [2002]; Falkenhagen [1997]; Kim et al. [2005];
Gonzlez et al. [1999]; Bobick and Intille [1999]; Geiger et al. [1995]; Woetzel and Koch [2004];
van Meerbergen et al. [2001], and a GPU implementation was demonstrated by Woetzel and
Koch [2004].
More general minimization using full spatial smoothness has been achieved using belief
propagation [Yang et al., 2006a,b; Sun et al., 2003; Felzenszwalb and Huttenlocher, 2006] and
graph cuts [Boykov et al., 1998; Birchfield and Tomasi, 1999; Boykov et al., 2001; Kolmogorov
and Zabih, 2001, 2002; Scharstein and Szeliski, 2002; Kim et al., 2003; Boykov and Kolmogorov,
2004]. Belief propagation is more easy to parallelize and has been implemented in real time on
the GPU [Yang et al., 2006b], whereas graph cuts are slower but provide theoretical guarantees
of a near-optimal solution that is much more robust in practice.
One of the remaining challenges is in obtaining good sub-pixel precision, which is often
attempting by extracting planes and then trying to assign pixels to these planes. This approach
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was first seen in [Birchfield and Tomasi, 1999] and has since been extended in [Klaus et al.,
2006; Bleyer and Gelautz, 2005; Hong and Chen, 2004].
The first structure from motion systems have used methods of stereo correspondence between successive frames to compute depth maps. However, this is inferior to approaches that
take advantage of additional views. The more generalized multi-view stereo problem has been
approached from several perspectives using different surface representations, such as voxel grids
[Vogiatzis et al., 2005; Labatut et al., 2007; Kutulakos, 2000], evolving level sets [Faugeras et al.,
1999], evolving mesh [Esteban and Schmitt, 2004; Pons et al., 2007], graph cuts on convex hulls
[Furukawa and Ponce, 2009; Prakoonwit and Benjamin, 2007], and multiple fused depth maps
[Gargallo and Sturm, 2005; Kolmogorov et al., 2003; Kolmogorov and Zabih, 2002; Kang et al.,
2001]. For a summary of these and other approaches, we refer the reader to the Seitz et al.
[2006]; Dyer [2001]; Slabaugh et al. [2001].
As discussed in Collins [1996], voxel grids are a somewhat naive methodology due to their
high time and space complexities and inherently low precision. We consider the voxel grid
and convex hull approaches to be better suited to reconstructing simple objects in turn-table
sequences. The evolving mesh approaches are attractive but their nonlinear nature makes them
more applicable to refinement of some existing mesh.
The most general multi-view stereo approach is to compute depth maps by using a multiview matching function. The concept of a multi-view matching cost dates back to Okutomi
and Kanade [1993] where it was first used in a multiple baseline stereo rig, and later with an
omni-direction multi-baseline stereo rig in Kang and Szeliski [1997]. As with all previous stereo
correspondence and optical flow algorithms, these early techniques used a simple translation
offset for image patches when searching in other views.
The same basic concept was generalized to arbitrary camera configurations in the plane
sweep approach of Collins [1996], where the warping function was further improved by approximating all surface points by fronto-parallel planar patches. The plane sweep approach is largely
equivalent to the optical flow approach of Szeliski [1999], which also took into account the effect of occlusions and formulated the problem in terms of a more global energy minimization,
although it was not globally minimized. A GPU implementation of Collins [1996] was used
in Yang and Pollefeys [2003], and an affine-illumination invariant version using the normalized
cross correlation and low-confidence rejection heuristic was used in Goesele et al. [2006]. Multiple sweep directions for dominant planes in architectural scenes was used in Gallup et al. [2007];
Merrell et al. [2007].
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8.2

Depth Map Estimation

We compute depth maps by solving a global energy minimization problem in image space. The
energy cost function consists of a primary term to enforce multi-view image similarity and a
secondary term to enforce piecewise-smoothness constraints on the recovered depth map, which
helps to resolve ambiguous matching in areas of low texture.
In other words, for each pixel location x in the ith image fi , we minimize a global cost
function of the form

X
x∈fi

X

Ci (x, z(x)) +

D(z(x), z(x0 )),

(8.1)

x0 ∈N (x)

where z(x) is the depth at x, Ci (x, z) is the multi-view matching cost for pixel x in image i
having depth z, D(z1 , z2 ) is the smoothness cost for two adjacent depth values, and N (x) is
the neighborhood of pixel x.
This is the same general form of energy minimization that has been traditionally used in
stereo correspondence, and was generalized to the multi-view optical flow problem in Szeliski
[1999]. However, other plane sweep approaches for solving the multi-view stereo problem have
only minimized the local matching cost [Yang and Pollefeys, 2003; Goesele et al., 2006; Gallup
et al., 2007] without using a smoothness term. See Fig. 8.1 for an example of the benefits of
global minimization with a smoothness term.
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(a)

(b)

Figure 8.1. Resolving ambiguous matchings using global optimization of piecewise smoothness constraint. (a)
depth map obtained by locally maximizing the multi-view matching cost at each pixel. (b) Depth map obtained
after global minimization with Graph Cuts after adding a discontinuity cost. Note that the camera poses used
in this example were estimated using the proposed structure from motion approach and the depth search range
for dense matching was automatically computed as in Section 8.2.4.

The multi-view matching cost is a normalized sum of weighted pairwise matching functions
(see Section 8.2.1), where the weighting function can designed to give lower weight for view
pairs that are expected to match poorly due to occlusions, perspective distortions or lighting
changes (see Section 8.2.3).
Writing the pairwise matching between frames i and j of the image point (x having depth z
as Mij (x, z), and similarly denoting the weighting by wij (x, z), we suggest using a multi-view
matching function of the following form:

P
Ci (x, z) =

8.2.1

j6=i wij (x, z)Mij (x, z)

P

j6=i wij (x, z)

.

(8.2)

Perspective Correct Matching

Given any point x in the ith image having depth z, the image point can be back-projected to
a structure point X, according to

X(x, z) = P+
i xz + Ci .

(8.3)

This structure point can be reprojected into any other image allowing the two image neigh-
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borhoods to be compared using a photo-consistency function. In stereo correspondence it is
typical to measure photo-consistency of the local neighborhood using the truncated Sum of
Absolute Differences (SAD) under a simple translation (disparity) model.
Ideally, this image warping would be represented by a homography which is a perspective
correct warping for planar surfaces. Previous plane-sweep approaches have assumed that each
image point is the projection of some fronto-parallel surface patch [Collins, 1996; Goesele et al.,
2006] so that the homography can be parameterized simply by depth.
Some recent approaches have attempted to determine the overall orientation of building
facades [Gallup et al., 2007; Merrell et al., 2007] and then used the plane sweep with multiple sweep directions (i.e., multiple directions for each dominant surface normal in the scene),
although this approach is highly specific to architectural scenes. We propose a more general
approach by using multiple iterations, because the local surface normal can be estimated from
the nearby surface points of the previous iteration.
Specifically, let a1 . . . a5 be the four-corners and center of the patch surrounding xi in image
i (as shown in Fig. 8.2). Each one of these points corresponds to an eye-ray that can be
ray-traced against the existing reconstruction to find a corresponding structure point S1 . . . S5 .
Because the patch is small in image space, the projected structure points will usually cover a
small patch on the surface as well. A small surface patch is well represented by plane, and the
validity of this approximation can be tested by measuring the residual error of the least squares
plane. If the structure points do not pass the test for planarity, then the local window spans a
depth discontinuity and should be discarded.
Otherwise, when the surface patch is well approximated by a plane, there exists a homography H of P2 that transfers the planar patch as seen in view i to view j. In order to determine this
homography, project the structure points S1 , . . . , S4 into view j yielding image points b1 . . . b4 .
It is then straight forward to calculate the homography H : ak 7→ bk , k = 1 . . . 4 in closed form
[Heckbert, 1989].
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Figure 8.2. Diagram illustrating how to calculate the homography between two arbitrary views located at Ci
and Cj by using the previous surface mesh. The four corners and center of the image patch in frame fi are
indicated by the points a1 . . . a5 , and these rays intersect the previous surface (shown as a sphere for simplicity)
at 3D points S1 . . . S5 . Projecting these points onto frame fj yields image points b1 . . . b5 , and the homography
can then be computed from the four correspondences ai ↔ bi , i = 1 . . . 4.

Because we wish to refine the estimate of depth while using the estimate of surface normal
from the previous iteration, it is necessary to parameterize the homography by z. Specifically,
if S5 = (X, Y, Z)T , and N = (Nx , Ny , Nz )T is the surface normal at S5 , then this can be done
by shifting the 3D structure points to

S0i = Si +

z−Z
N
Nz

(8.4)

before reprojecting them to image points to calculate the homography.

8.2.2

Photo Consistency Function

Given two corresponding regions of an image, the photo consistency function returns the similarity between those regions. In stereo correspondence, a common choice is the truncated SAD
or truncated SSD, which can also be used with an overall intensity gain multiplier as in Gallup
et al. [2007]. Another choice is the Normalized Cross Correlation (NCC) which was used, for
example, in Goesele et al. [2006]. Variance has also been used in Seitz and Dyer [1997] and
Kutulakos [2000], although this is not very robust to illumination changes. A more general
BRDF model was used in Treuille et al. [2004], but this increased generality comes at the cost
of specificity.
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The primary cause for outliers in traditional two-view stereo is partial occlusions, but
in multi-view matching illumination changes and perspective distortions are more prevalent.
Therefore, we prefer to use the NCC because it is invariant to affine changes in the local illumination.

8.2.3

Determining Visibility Weights

As the angle of camera view is increased, specular illumination changes become more significant.
Therefore, we use an initial weighting function that takes this effect into account,

wij (x, z) = max(Vi · Vj , 0)α ,

(8.5)

where Vi is the ith view vector (i.e., camera z-axis), and α is a constant exponent that controls
sensitivity.
After the initial pass has been completed a dense reconstruction will be available and this
can be used to improve the visibility weighting by also using surface-dependent properties such
as occlusions and surface normal to more accurately predict when perspective distortion and
specular reflections will be high. Using this information, a better weighting function is given
by

wij (x, z) = δi δj max(Vi · Vj , 0)α min(max(N · Vi , 0), max(N · Vj , 0))β ,

(8.6)

where δi is the binary visibility of X(x, z) in view i (1 if visible) and N is the approximate surface
normal at X(x, z). The final term weights the photo-consistency function by the maximum
angle between the surface normal and view vector of either view, which coincides with local
perspective distortion of the patch.

8.2.4

Depth Autoranging

The determination of depth range is an important problem hat has not been well addressed
in previous approaches, which typically use a hard-coded range, or assume that the scene is
contained in some bounding box or convex hull. However, this information is not available in
general, and the convex hull of sparse points from SfM is not guaranteed to contain all visible
scene surfaces. We present here an approach that overcomes these limitations.
Specifically, we use the image space guided matching constraints; between any two consecutive frames in the image sequence one can estimate the homography to yield an approximate
point match (circular radius) for any pixel. We intersect this search circle with the epipolar
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line and then interpolate between the two intersection points to acquire potential match points
in the second image. Each potential match corresponds to a depth value that can be obtained
via triangulation (see Fig. 8.3).

(a)

(b)

z-Values of Autoranging

z-value of triangulated point

1000000

500000

0
1

7

13 19 25 31 37 43 49 55 61 67 73 79 85 91 97
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-1500000

-2000000
Interpolated image point

(c)
Figure 8.3. Example of depth autoranging. (a) a feature point is selected in the first frame. (b) a search range
(yellow circle) is determined from spatio-temporal constraint in image space. This is intersected with the epipolar
line (yellow) to get two endpoints. Now potential match points are interpolated along the epipolar line (purple
dots). (c) Graph showing the z-values corresponding to each potentially matching interpolated image point.
Note that this is not a uniform sampling of depth, and half the points have negative depth (behind the camera).

8.2.5

Confidence Heuristic

When the matching cost function exhibits a single easily identifiable minimum then this minimum clearly represents the true depth of a point. However, it is common that the matching
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function has a low value for a large range of depths, or has multiple specific minima. In either
case, the match is ambiguous and should be trusted less.
We have constructed a heuristic function to evaluate the confidence of depth assessments
that has has a low value only when the response has a single unique minimum. If we denote
the matching cost and z-value for the ith check point by the tuple (ci , zi ), with a minimum at
(cmin , zmin ), then our heuristic function is given by

X

|zi − zmin | exp(−(ci − cmin )/(cmax − cmin )α).

(8.7)

i

We note that this is somewhat similar to the heuristic used in Merrell et al. [2007], although
their heuristic fails to distinguish between functions with multiple minima, which ours gracefully
handles by down-weighting due to the inclusion of |zi − zmin |.

8.3

Surface Mesh Reconstruction

Fitzgibbon and Zisserman [1996], and later Nister [2001a], have built surface models by extracting RANSAC planes, but this is a slow non-optimal process that does not produce clean meshes.
There have been several other simple methods suggested, such as projecting a depth map onto
a tesselated quad as in Pollefeys et al. [2004], or the quad tree approach used in Pollefeys et al.
[2008]. However these approaches are biased by the order of views. An unbiased alternative
is to back-project all depth maps into structure points in a common 3D space and then use a
method of surface interpolation such as Poisson reconstruction Kazhdan et al. [2006].

8.3.1

Reconstructed Surface Material

In a Lambertian model (accurate for most non-specular materials), the radiance from a point
on the surface is independent of outgoing direction. As a result, the spatially varying diffuse
albedo can be represented by a single texture map that is over-determined by each additional
view with a non-occluded view of the surface point.
In general, no single view will have an unobstructed view of every surface point, so all views
should be projected and combined into a single texture. Many texels will contain multiple
samples, and from this set of samples the diffuse albedo can be estimated. Nishino et al. [2001]
used the minimum sample as the diffuse albedo, but this is not very robust, because any single
image could contain some corruptions or have high projective distortion, and in reality diffuse
reflections are not entirely view independent. Therefore, we instead use a weighted average of
the non-occluded samples, weighted by the dot product between the local surface normal and
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the view vector. This gives lower weight to views that projected from nearly perpendicular
angles (having greater distortion effects). The local surface normal can be found as a function
of texture coordinates in the same way as the spatial position – that is, by first rendering to
texture.
Yu et al. [1999] proposed the method of “inverse global illumination” that uses images,
model, and lighting information to iteratively estimate parameters of the Ward [1992] reflectance
model. They also assumed a known partitioning of the scene into large regions of constant
BRDF. Unfortunately, neither the direct lighting information nor this partitioning would be
available after making an automatic structure from motion reconstruction.
Lensch et al. [2001] proposed a method that improves upon the partitioning problem by
using a variant of Lloyd’s [Lloyd, 1982] hierarchical divisive clustering algorithm to cluster
the lumitexels into regions of roughly constant BRDF (using a Lafortune [Lafortune et al.,
1997] reflectance model). Their clustering method chooses the principal eigenvector as the split
plane, and they used a novel iterative procedure to find the optimal split location on that plane.
After each split, they re-balance by assigning each lumitexel to the best fitting cluster. After
finding these large clusters, they increase detail by representing the BRDF of each lumitexel as
the linear combination of basis BRDFs. The basis BRDFs for each cluster are determined by
Principal Function Analysis (PFA). Although their algorithm works well for simple objects with
largely constant texture, significant detail will invariably be lost on more complex textures, and
direct lighting information is still required.
Because diffuse albedo is largely view-independent (in the Lambertian model, it is completely view-independent), some researchers have chosen to clearly separate detailed spatially
varying diffuse albedo from the more difficult to estimate and slowly varying specular components. For example, Sato et al. [1997] used the Torrence-Sparrow [Torrance and Sparrow, 1967]
reflection model and estimated diffuse albedo for each surface texel, but interpolated specular
properties much more sparsely. Still, their method requires known lighting.
Nishino et al. [2001] proposed a method similar to Sato et al. [1997] that does not rely
on known lighting. Instead, they attempt to separate the view-independent radiance from the
view-dependent radiance at each texel, and then back-project the view-dependent radiance onto
an ‘illumination hemisphere’. A set of point lights are made to approximate the illumination
hemisphere, and used to estimate the view-dependent (specular) component of a global (i.e.,
not spatially varying) Torrence-Sparrow reflection model. Clearly, this assumption of a global
specular constant is not applicable to reconstructions containing many different types of materials, but could be relaxed using an automatic partitioning strategy as in Lensch et al. [2001],
or an interpolation method such as Sato et al. [1997].
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8.4

Example Surface Reconstruction

Depth maps were reconstructed to correspond with all 50 frames in the test sequence, as shown
in Fig. 8.4. After reconstructing all depth buffers, the total set of data points (roughly 15
million) was fused into a large point cloud where cross-validation was used to reject points that
do not agree from multiple depth maps (Fig. 8.5).

Figure 8.5. Fused depth maps. Each depth map is back-projected into a set of 3D points which is fused together
in a common space. The controbution from each depth map is randomly colored for visual distinction.

Then, Poisson reconstruction was used to generate a surface mesh, as shown in Fig. 8.6. It is
shown here from 2 novel views with a reconstructed texture applied, as well as being overlayed
onto the true model with no texture. It should be noted that the reason the reconstructed
model has a large bulge on the underside is that the model was never observed from this angle,
but Poisson reconstruction always tries to form a closed isosurface. This region can be easily
culled if desired.
The reconstruction of texture was based on that described in Section 8.3.1, although it is
not fully complete. First, the point cloud was used to generate surface normals. Then the
model was hand-mapped into texture groups, as shown in Fig. 8.7. This figure shows color
groups which were mapped as planes (or, in the case of the dome, spherically) in (a). In (b),
the spatial surface position was shown rendered into texture space, and in (c) the local normals
were rendered into texture space. Note that these textures have been rendered using a custom
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Figure 8.4. WeirdTest image sequence (in book-reading order). 50 frames total.

165

(a)

(b)

(c)

(d)

Figure 8.6. Initial mesh reconstruction. (a) and (b) are two views of the reconstructed model. (c) the original
model. (d) untextured reconstructed model overlaid onto the original model.
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rasterization engine because of the need to draw outside of triangle borders to avoid seams
when bilateral filtering the texture maps. Thus, it is not possible to use existing rasterization
engines. This manual mapping will be replaced with automatic mapping in the future, but for
now it is helpful to make the maps more visually discernible.

(a)

(b)

(c)

Figure 8.7. Mapped model. (a) mapping groups used to parameterize model surface. (b) XYZ map rendered
into texture space. (c) Normal map rendered into texture space.

After mapping the model, each individual view was projected onto the visible model surface
in texture space, taking into account occlusions. A few examples are shown in (a) (b) (c) of
Fig. 8.8. Part (d) shows the overall reconstruction of texture as linear combination weighted by
visibility and surface normal orientation. This is outlined in green just to show the uv-groups
more clearly. Note that regions which remain purely black were not visible from any view (e.g.,
the underside of the model), so they could be culled if desired.
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(a)

(b)

(c)

(d)

Figure 8.8. View image projected onto model texture. Figures (a) - (c) show selected views. Figure (d) shows
the composite texture based on the weighted linear combination from all 50 views. UV-groups are outlined in
green to show areas of the model that were not visible in any view.
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Chapter 9

Conclusions
This dissertation has approached one of the largest and most difficult tasks in computer vision:
that of reconstructing an accurate 3D representation of the world from an uncalibrated video or
image series. The overall architecture and design of this system has been carefully thought out
and motivated in terms of theoretical concerns to achieve maximum accuracy and robustness.
Design and implementation of the system has required integration from many sub-problems
including feature point detection, tracking, wide-baseline matching, robust estimation of the
fundamental matrix and trifocal tensor, keyframe detection, camera resectioning, triangulation, autocalibration, bundle adjustment, dense multi-view stereo correspondence and surface
reconstruction.
Minor contributions have been made in many of these sub-problems, but the most significant
contributions consist of an overall system architecture for general uncalibrated reconstruction
motivated by theoretical concerns of accuracy and stability (Chapter 2), a simple and effective
algorithm for keyframe detection (Algorithm 1), a normalization scheme to promote uniform
feature point distribution (Section 3.2), a derivation of the circular constraints on the trifocal
tensor (Section 4.1.2.5), a structure invariant maximum likelihood solution to merging projective
reconstructions (Section 5.4), a maximum likelihood solution to the autocalibration problem
(Section 6.2), and a parallel decomposition for bundle adjustment (Section 7.3.4).
Although this work has focused mainly on SfM techniques, some advancements to dense
reconstruction have also been made, including the use of graph-cut optimized global consistency
for multi-view stereo correspondence (Section 8.2), a geometry based planar approximation to
improve the perspective correctness of plane-sweep based approaches during stereo matching
(Section 8.2.1), visibility weighting for stereo matching function that takes into account specular
lighting (Section 8.2.3), a method of depth auto-ranging to eliminate need for a bounding box
during ray marching (Section 8.2.4), and a confidence heuristic that takes into account multiple
minima (Section 8.2.5).
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Future work will focus on fine tuning the initial sparse reconstruction to obtain improved
precision, as we have learned that methods of dense reconstruction are extremely sensitive to
the quality of the sparse reconstruction. We will also focus on methods for surface generation
that are more robust than Poisson reconstruction, and we propose to integrate the evolving
mesh based approaches in the final stages.
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